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Bidirectional path tracing

It's difficult to find small lights or the camera. So why not start from both sides?

Pascal Grittmann, Corentin Salaun
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Motivation

Why is it necessary / beneficial to trace bidirectionally?
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Forward path tracing

« Efficient at uniform / diffuse illumination and large scenes
» Very bad at focused indirect illumination

)
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v
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Path Tracing Light Tracing
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Bidirectional path tracing

» Exceptional performance on focused indirect illumination

« But: Not great for large scenes

-
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Bidirectional path tracing
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Bidirectional sampling techniques

Light tracing

Lafortune et al., Bidirectional Path Tracing, [CompuGraphics 93]
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Connections

Veach & Guibas, Bidirectional Estimators for Light Transport, [EGRW 94, Siggraph"95]
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For (almost) every effect there is a well-suited technique

Light tracing Forward path tracing + next event Bidir. connection
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So, bidirectional path tracing combines them all
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Z4 Z2

Light tracing

Light tracing

The simplest bidirectional technique
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What do we compute?

» Let's assume we sampled a path from the light source into the scene

« What do we do with it? How do we get a (correct) pixel value estimate from it?

X3

X5
o *! z3 z1
N X VS Lo=L,+ | L; fcosB; dw;
* Q
Z/ Z9
Light tracing
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Starting simple: 2-bounce irradiance

* Irradiance at a point x in the scene:

E(x) = j L;(x, w,) cos 6, dw,
Q

X
 For paths of length 2:
E(x) = j <j L, (Z, a)y)f(y, Wy, a)y) cos 6, da)y> cos 8, dw,
a\/a
SI égﬂgunsdmformatics Hlﬁﬁw pre EReITAT RIS - Bidirectional path tracing 12
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First, write it as a surface integral

)
X Q.
N
N
.
N
N

E(x) = f <f L, (Z, a)y)f(y, Wy a)y) cos 6,, ) cos 0, dw,
a\/a

y
cosB(z — cosO(y — x
E(x) = J (J L, (z, a)y)f(y, Wy a)y) cos 0,V (y, z) ( Zy) dz|) cos 8,V (x,y) S > )
A \JA |z — yl| ly — x||
SI égﬂgunsdlnformatics Hﬂﬁﬁw pre EReITAT RIS - Bidirectional path tracing 13

AAAAAAAAAA



Shading cosines and Jacobian cosines

* Note the distinction between the rendering equation cosines

* cos @, - w.r.t. the shading normal ng

« And the geometry cosines from the Jacobians

* cosf(x — y)-w.r.t. the actual surface normal nq

cosB(z = y)
Iz —yllI?

E(x) = J <j L, (Z, a)y)f(y, Wy a)y) cos 0, V(y,2z) dz) cos 6, V(x,y)
A\/A

cosO(y - x)

ly — xII?

dy
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Reverse order of integrals

e Fubini’'s theorem:

« Ourintegrand is positive, integral value is finite = integration order arbitrary

0(z-y)
E(x) = L(L Le(z, a)y)f(y, Wy a)y) cos 0, V(y,z) COITZ —Zyllzy dz

X

cosf(z — cosO(y —» x
& Elx) = j f Lo(z, a)y)f(y, Wy a)y) cos 0, V(y,z) B ( WP )cos 0, V(x,y) b (—yX”z )dy dz
SI égﬂgunsdlnformatics Hlﬁﬁw ore e RIS - Bidirectional path tracing

MM sAARLANDES



Integral formulation for light tracing

cosf(z - y) cos6(y = x)

0, V(x, dvyd
2=z oSO Vxy) =y dz

E(x) = fAJALe (z, a)y)f(y, Wy, a)y) cos 0, V(y,z)

» Back to the hemisphere, but at the other end

cosO(y - x)(_Mz d‘_}dz

0
E(x)=fAjQLe(z,a)y)f(y,a)x,a)y)cosHyM%z cos 6, V(x,y) by — xI2 Lcos@(y—;z) W,

« Simplified & reordered

cos@ cos 6O
cosO(y - x) V(x,y) i xTIZ

E(x) = f j Le(z, wy) cos0(z > y) f(y, wy, wy) dw, dz

cosB(y = z)
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Understanding the result

« Sample z on light and direction w, = —w,, evaluate emission and Jacobian
« Traceray to find y, evaluate BSDF, correct discrepancy between shading normal and geometry

« Connect to x (deterministic), evaluate visibility, geometry term

cos 0,, cos 0,

E(x) = f j Le(z, a)y) cos8(z - y) f(y, wy, a)y) 0500y = 2) cosB(y - x) V(x'y)lly——xllzdaz dz
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Including the correct cosines

« If the shading nhormal and geometry normal align, some cosines cancel out

cos 6,

E(x) = jAJQ Le(z, a)y) cosf(z - y) f(y, Wy, a)y) cosO(y - x) V(x, y)

038y ) > dw, dz

 But careful! Doesn't hold with normal mapping, smooth shading, ...

Correct result Erroneously canceled cosine terms

Saarland Informatics ©® UNIVERSITAT
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Correct image

Non-symmetric BSDFs

« Refraction is not symmetric

* Must be careful to compute the correct terms!

« See Veach 1997, Chapter 5

T
I
=N
I
A
\

N\ X — : S

N\

Erroneously assuming symmetric BSDF
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Extension to paths of length k

« Same steps, just more integrals ff ...ff(x1 X)) AWy ... dvy, dxg,
AJQ Q

COS Oy,

/ cosO(x; = xj41) ‘ l|lx; — x1||2,

l l
Emission and cosine (Jacobian) '
After sampling point + dir on light

k—1
cos 8.
f(xq e xp) :\Le cos 8 (xy — xk—1), nf(xi+1rxi;xi—1) 2 cos 0(x; = x;_1) |V (xq,x72)
=2

BSDF, cosine, geometry cosines (Jacobian)
After sampling dir at next hit point

Visibility, cosine, and squared distance (from Jacobian) at shading point
After connecting x, to x,

Saarland Inf ti COLm  UNIVERSITAT o ) ‘
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The camera model

« We're not computing irradiance at a point, but a pixel value

I = j j hi(@) W (g, %1, ) Li(xy, @) dx,dq
SYL

Sensor  Aperture Direction (usually implicitly defined by combination of q and x;)
Pixel filter Camera model [*~~~< _
‘ ‘ J-4--—_ Sensor — Ty x%fﬁ\
— - f . 1 Aper tu re u‘\
x*q AR ix1 w /l X3
AR |
W(q, x1, ®) Hj
Image Sensor Sensor response
(black box)
; ®@® A
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Surface integral for the camera model

« With light tracing, we sample the sensor point implicitly:
« We “arrived” at x, in the scene
« We connect to x; on the aperture (deterministic if pinhole, else sampled)

= w, q are implicit via this combination of surface points

I = j j hi(q) W (g, %1, ) Li(xy, ) dx,dq
SYL

* Nothing special: change of variables - multiply by Jacobian

dq
Ii - J jhl(q) W(thliw) Li(xllw)d_ dxldxz
AJL X2
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Image plane

i
Jacobian for a pinhole camera
« We derive it in two steps, by separating into product: et
dg dq |dw N
dx, do |dx, lk\
_— \ N
Hemisphere - surface Jacobian dow I, — x4 |2
Good old surface > hemisphere Jacobian =z =
dq cos 6 dx, cosO(xy; = xq)

do lg — x4]]?

f Image plane
Substituting cosf = —— N, tany
g — x4l
dq cos®6 dq _ cos® 0 |lxy — x4
= do  f dx, f cosO(x, = xq)

Saarland Informatics COLm  UNIVERSITAT o ) '
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Integral formulation for a light tracer

« Same as for irradiance, except:

* Integrate over aperture L (if not a pinhole)

« Multiply by Jacobian for hemisphere - sensor: 4

dw

/

cos3 6

Ljﬂ...jﬂthi(q) W(q,x1, w) f(xq ... Xg) F dx; d@, ... dy, dxy,

\

Same as with irradiance before

Pixel filter and sensor response (camera model)
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The light tracer estimator for path of length &

« Sample x; on the light, sample direction

Trace ray to find x;,_,, sample direction from there

Repeat until x, was found

Sample x; on the camera aperture, connect with shadow ray (to compute V (x4, x5,))

Log contribution in whatever pixel(s) i contain(s) the sensor point g

cos 6, cos 6 cos3 6
LecosO(xy = Xp—1) [ k=1 £(x;04, X, X4 aal cosO(x; = x;_ V(xqy,x X1 _h, ()W (g, x;, ©) ——
pe(x R Hf( i+1 X0 Xi—1) cos 0(x; > ;1) (x; i—1) (x1,x2) I, — 101 i(@QW(q, x1, w) 7
k k -1 = p(x; = x;_1) p(x1)
SI gg%?ﬁsdmformatics Mlﬁﬁw e RIS - Bidirectional path tracing 25
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Now we can render with pure light tracing

Light tracing Path tracing
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The path integral

A common ground for bidirectional techniques

SIC
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We want to combine forward and backward sampling

« Need a common integral formulation / integration domain

* Why?
« MIS is only possible if we have a consistent domain!

e Also: notational convenience
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The path integral

Value of pixel i

/

Camera Jacobian
Camera model |

‘COS 30 ||x2—x1||

filx) = h, i(@QW(q,x,, w)

f cosO(x, = xq)

Surface integrals (one per vertex)

i f j £.(x) da; ..dx

Sum over all path lengths

BSDF, cosine from RE

1

k—
V(xl,xz> 1
] Jj=

1
“Sensor response”

\

1

1
f(xj_l, Xj, xj+1) cosS ij V(xj, xj+1)

Local Jacobian
1

'cos H(xj+1 - xj)‘

||x,- — xj+1||

1

“Throughput”
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Sampling directions via points on a surface

1. Sample a point y on the surface (e.g., light source)

2. Compute
ly — x|I?

cos 6

p(w) =pQy)

Previously on RIS

Saarland Inf ti COLm  UNIVERSITAT o ) ‘
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The light tracer as a path integral estimator

 Light tracing samples a path of length k with the product PDF

k
p(a) (]_[ plx; - xi_a) pCxy)
/ = \

Surface PDF Direction PDFs Surface PDF

* By mapping the directions x; — x;_; to surface points, we can define a product surface density

k
0(xi—1 = x;
pLT<x>=p<xk><\ [ pCx > 50 = (tis ”)zo(xl)
i=2

i1 = x; 1%
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Forward path tracing as a path integral estimator

« Similarly, forward path tracing generates path samples with PDF

cos 0 (X1 = X;)

ll; = X412

k-1
per() = PP @leamC1 | | PG = x100)
=2

Saarland Informatics COLm  UNIVERSITAT o ) '
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Integral transformation = sample transformation

« The path integral estimator with that forward path PDF is:

S

k-1
fl(x) = hl(q)W(qixlrw)ljc '@’ xZ) nf(xj—lllexj+1) COS ijwo
j=2

prr(x) = pGe)p(@)| (x2>|1_[p(xﬁxl+1) ” *”;e)

« Same as a rendering equation estimator with direction PDFs:

fitx)  h(@W(g,x, ) ( K22 £ (xj—1, %), Xj41) cOS 9xj) Le
ppr(x) pOe)p(Q TS (e = xi41)
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Bidirectional connections
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Tracing and connecting paths from both ends

» Multiple techniques possible

« Path of length k is sampled by tracing t rays from the camera and k — t from the light

/
\'o X1
xg/
rd
o
7
g5 X1
X2
@]
Z9
Connections
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The path PDF for connections

Pei(X) = p(y;)p(Zs)

t—1
p(¥0) = p(y1)p (@l Jean| (]—[ P(Yi > Yir1)
=2

s—1

P

i=1

P(Es) = P(Zl) (

MP(Z:' > Zi+1)

cos 0(yiri ~> yi)
ly; — yz‘+1||2
cos 0(zi41 > z;)
lzi — zis1ll? |

|

Connections

X3 X5
Z3 Z1
X
Z9
X
3 X5
O.\
\\
~ <1
~
\\\ /
-
~
Z2
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MIS

Let’'s combine these techniques

SIC
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Each technique estimates the full integral

Light tracing Forward path tracing Connect first Connect second
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Recap: MIS

Original integral Subdivided into an affine combination

fx)

== wi(x)[f(x)

| /\ wa(x)f (x)

e ;

— p1(x) p2(x)
Estimated with technique 1 Estimated with technique 2

t

13 f(xe,
Fuis = zn—t; we (%) #xttl)) ~ Z jwt(x)f(x) dx = jf(x) dx (if Y wi(x) = 1)

Saarland Informatics COLm  UNIVERSITAT o ) '
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Recap: Balance heuristic

nepe(x)
Zt' neper (X)

we(x) =

All PDFs must be in the same domain
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Evaluating the balance heuristic

» The biggest challenge of a BDPT implementation

* Need to gather all PDFs and make sure that all are correctly converted to compatible domains

————

}xl
Q
\

\\ x2
\

Z4

Light tracing

X3

X5

X4

<1

_\7’ X1

X5
o)
Ys
X3 X5
Jeo
Y3 s
’I
Xq,7
Next event o"
Yyq

Forward path tracing

X3 X5
7 x]. ’
\! ’I Z} Zl
.{/1 lefl X
OI
Y2 Z9
X
3 X5
(@Y
T — -
\'} *1 U3 N Z1
- Y
Y1 X S X
2 S M4
Y2 b
Z92
Connections
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Example: Weight of LT for path of length 3 (i.e., direct illum.)

_ Prr
Wit =
PLT t Ppr + DNEE

PDFs are products of many local sampling decisions with different Jacobians. Challenging to get right.

cosO(x, = x3)

prr(x) = p(x3)p(x3 = x3) p(x1)

|, — x3||2

cosB(x3; — x,)

ppr(x) = p(x)D (@] cam(x2)| p(xz = x3) 2, — 23|12

Pnee(x) = p(x)P(@|]cam (x2) | p(x3)
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Products of PDFs are dangerous

cosO(x, = x3)

prr(x) = p(x3)p(xz = x3) p(x1)

N

If these are high 2 p,;(x) can be extremely huge

lx; — x3||2

E.g., series of highly glossy scattering events.

Saarland Informatics COLm  UNIVERSITAT o ) '
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So we compute ratios instead

-1
Wyp = PLt _ <1 N Ppr n pNEE)
PLT t Ppr + DNEE Pt Pt
same same
X3 [ 36‘51
cos 8(x3-x2) W, X1 < -
X>—X e |
Ppr __ P(@DJcam(x2)| p(xz—x3) lxo—x3]|2 <ot \/
_ 9(X2—>.X'3) Z5
PLT X2—X €05 p(x3)
PO =X2) T a2 B o "
6.X1 N Z1
PDF to sample x, PDF to sample x5 x “/l

bppr __ p(Q)l]cam(xz)l p(x2—>x3) COS 9(x3—>x2) | Connections |

pir  p(x3—x3) cos 0(x;—x3) p(x3)

Numerically much better. And many common ratios across techniques!
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MIS weighted techniques

Light tracing Forward path tracing Connect first Connect second
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MIS weighted techniques
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Implementation

There are many ways of doing it — here’'s one

SIC
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Reusing computations

» Tracing one full path per technique is expensive:

« Number of techniques grows quadratically with the path length!
* Instead: trace one set of subpaths and reuse components

« Exception: next event uses a separate light sample (specialized techniques available)

,’:" :P A,
A P ’ PR P e
1\ ’ [ "' -7 J "
1 ’ 4 ’
] 3‘/ / d R4 [} /
ol 2 !
Ui
I' ©
O ’
’

'.'r/ \‘ i
d ‘\ "’
. o
ot © © o K
A J
Correlated techniques | Independent techniques ©
4 samples, 8 rays | 4 samples, 16 rays
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Progressive rendering with two passes

» Pass 1: Trace n light paths and store them

« At every vertex except the first:

« Connect to the camera — aka light tracing

» Pass 2: Trace 1 camera path per pixel

« At every vertex except the first:
« Connect to one (or more) stored light vertices
« Connect to one (or more) random point(s) on a light — aka next event estimation

« Check if this is a light source, add contribution if so
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Technical details

Compute pdf of infinite light in surface area

« Sampling a distant disc with radius as large as the scene and a Dirac direction distribution

Efficiently compute the pdf for MIS without redundancy

« Take advantage of prefix/suffix change between techniques

Dirac delta distribution

« Can be avoided in many case with analytic simplification

Non-symmetrical scattering

Many other technical details need to be implemented

« PBRT book give some good insight on solutions (online book)

@@

Saarland Informatics UNIVERSITAT o . )
S Campus WHHHW DES RIS - Bidirectional path tracing

SAARLANDES

o1



Much design freedom

How to store light paths?

Which paths to store?

How many light paths?

How many camera paths per pixel?

How to select light vertices for connection? At random? By pairing deterministic paths?
How many connections to use?

Trace camera paths first and then light paths
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Limitations and challenges

How to improve this basic recipe and make it practical?

SIC
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Specular - diffuse — specular (SDS) paths

* Photon Mapping / VCM to the rescue - upcoming lectures

BDPT

VCM
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Wasted computation

Light paths might not be visible

Light paths might not be needed

Redundancy in MIS techniques

Possible solutions:
» Path guiding - upcoming lecture
« Markov chain Monte Carlo - upcoming lecture

« Optimizing sample counts - htips://graphics.cg.uni-saarland.de/publications/grittmann-sig2022.htm|
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https://graphics.cg.uni-saarland.de/publications/grittmann-sig2022.html

Summary

X3

Z4

) xl A .
zZ3 Z1
O\\
X2 X4
<

X5

z2

| Light tracing I[

Trace paths from both ends

Combine techniques via MIS

Combine in various ways, reuse subpaths for efficiency

Each combination technique: A correct estimator for the pixel values

X
o 1

X2 X4
S Unidirectional ¢

X4
> Next event s
o

— O
\'6 X1 /P

| Forward path tracing

X3 X5
)
o X1 4 Z3 Z1
X2, X.
OI
z2
X
3 X5
Q
e ~
\,6 *1 \\\ Z1
~
x X
2 S M4
~
o
<2

| Connections

Al

Path integral (aka iterated surface integral) as the common domain for MIS
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