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This lecture

ÅImage space noise correlation using sampler

ÅRendering setup

ÅSample optimization before rendering

ÅScene aware optimization
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Reminders
Correlated sampling & image perception
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Correlated sampling

ÅSample correlation can be used to reduce Monte Carlo error per pixel

ÅUse smoothness of the function to distribute samples

ÅUniformly distribute Monte Carlo samples

ÅGenerally based on error upper bound (KH-inequality)

ÅCorrelation rely on knowledge/assumption about the integration problem

ÅUse the random process only for sub-part of the problem
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Perception based error

ÅMathematical error (MSE, RelMSE) consider all pixel independently

ÅMeasure the quality of the per pixel estimation

ÅImage perception is more important

ÅAll pixel seen at the same time

ÅThey are not independent

ÅWe are more sensitive to some frequency than other

ÅHigh frequency are naturally filterer by the eye

Realistic Image Synthesis - Monte Carlo Integration 5



Motivation
Perceptual error distribution
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Image dithering
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Image dithering
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White if (input > dither)

Black else



Image dithering
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Threshold



Image dithering
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Image dithering
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Image dithering
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Noise filtering

ÅDenoising BN image produce less error

ÅOur eye works as a low pass filter
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Better perceptually and numerically!
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Dithering for rendering

Consider a rendering where all pixel are simulated independently

ÅA pixel value only depend on the sample of that pixel

ÅWorks for forward rendering (pathtracing-!ejsfdu!mjhiuojoh-!Ǎ*

ÅEpftoǃu!xpsl!gps!cbdlxbse-!njyfe!sfoefsjoh!)CEQU-!Ǎ!bt!mjhiu!usbdfe!tbnqmft!dpousjcvuf!up!bmm!qjyfm*

ÅClose pixel render similar function (smooth scene)

ÅSamples can be interpreted as sequence

ÅGeneralize to good sample sequence (Rank1, PMJ02, Sobol-!Ǎ*

ÅIs it possible to optimize the sample distribution to improve rendering ?

Å For mean squared error ? No

Å For perception ? Yes
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Dithering for rendering

ÅCan we correlate pixel integration on image plane ?
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Positive correlation No correlation Negative correlation



Dithering for rendering

What is the desired correlation ?

ÅNegative correlation is the best correlation

ÅJuǃt!cbtfe!po!IWT!tfotjujwjuz!up!mpx!gsfrvfodz

ÅIjhi!gsfrvfodz0ofhbujwf!dpssfmbujpo!bsf!ǆcmvssfeǇ!cz!ivnbo!fzf

ÅPositive correlation create artifacts

ÅLess noise but some color splat

ÅUniform correlation over the image plane

ÅHaving multiple correlation or quality make them visually unpleasant

ÅThis looks unnatural
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Blue-noise Dithered Sampling
[Georgiev& Fajardo 2016]
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Blue noise error distribution
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white-noise pixel error distribution blue-noise pixel error distribution



Blue noise error distribution
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Stratified sampling



Objectif

ÅHaving similar samples will result in close rendering value

ÅFunction is smooth

ÅTo get as much different value we want as much different samples as possible

ÅWhile keeping good per pixel quality

ÅWe expect a correlation between sample distribution and estimate distribution
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Sampling with dither masks
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Stratified sampling

1. Create sampling pattern

2. For each pixel

a. Look-up value from dither mask (tiled over the image)

b. Use value to offset sample pattern



Sampling with dither masks
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1. Create sampling pattern

2. For each pixel

a. Look-up value from dither mask (tiled over the image)

b. Use value to offset sample pattern

Stratified sampling



Sampling with dither masks
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1. Create sampling pattern

2. For each pixel

a. Look-up value from dither mask (tiled over the image)

b. Use value to offset sample pattern

Stratified sampling



Sampling with dither masks
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1. Create sampling pattern

2. For each pixel

a. Look-up value from dither mask (tiled over the image)

b. Use value to offset sample pattern

Stratified sampling



Sampling with dither masks

ÅDithered sampling ensure similar offset will result in similar sample -set

ÅSimilar samples will produce similar rendering if the functions are similar

ÅShift can be added directly inside the renderer 

ÅDither mask is a new input to the renderer

ÅNegative pixel correlation

ÅShift map should be as different as possible

ÅTijgu!nbq!tipvme!cf!ǆvocjbtfeǇ

ÅJuǃt!ejggjdvmu!up!pqujnj{f!ju!vtjoh!THE!cbtfe!nfuipe
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Simulated annealing

ÅOptimize shift map by swapping pixels

ÅInitialize with random shift map

ÅTry swapping pixel to improve some energy

ÅIterate

ÅThe dither mask can be optimize on a small scale and tile over the image plan

ÅNeed a toroidal optimization

ÅCan create some visual artifact as the noise pattern repeat
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Simulated annealing
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Simulated annealing
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Pseudo code



Simulated annealing
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Pseudo code



Live demo
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Simulated annealing
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Energy term

The sum over every pixel can be simplified

Å Spatial gaussian support can be restricted to few pixel

Å It is possible to optimize different region of the tile at the same time

Å Quality will depend on the approximation of the gaussian



Simulated annealing
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Simulated annealing is an importance optimization algorithm

ÅWorks on discreet set (Set of pixel)

Å Energy function requires only a point-wise evaluation (no derivative)

Å Can converge to the optimal solution under some conditions

Å Slow optimization in general

Å Difficult to parallelize on a massive scale



Dither mask construction

Realistic Image Synthesis - Monte Carlo Integration 33

1. Generate random dither mask

2. Simulated annealing by random pixel swapping
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Sampling with dither masks
1. Create sampling pattern

2. For each pixel

a. Look-up value from dither mask (tiled over the image)

b. Vtf!wbmvf!up!pggtfu!tbnqmf!qbuufso!)tvsgbdf-!ejsfdu!tbnqmjoh-!Ǎ*
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Sampling with dither masks
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blue-noise dithered sampling [1 spp]

Traditional random dithered sampling [1 spp]



Sampling with dither masks
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1 sample per pixel



Sampling with dither masks
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4 sample per pixel



Sampling with dither masks
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9 sample per pixel



Sampling with dither masks
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ÅConnection between halftoning and MC sampling

ÅBlue correlation > white decorrelation

ÅSimple, fast method

ÅShowed 1D and 2D sampling

ÅLimitations

ÅImprovement only when pixel integrals are correlated

ÅOccasional mask tiling artifacts

ÅHigher dimensions more difficult

ÅRemapping of the samples limit quality



A LOW-DISCREPANCY SAMPLER THAT DISTRIBUTES MONTE 
CARLO ERRORS AS A BLUE NOISE IN SCREEN SPACE

[Heitz & al 2019]
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Objectives

ÅBNDS limitations

ÅTradeoff between per-pixel sampling quality and error distribution 

ÅCan be worst than uncorrelated

ÅRely on correlation between sample difference and rendering difference

ÅImprovements

ÅDirectly optimize for rendering purpose

ÅEnsure worse case falls back to uncorrelated
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Sample stratification

ÅVtf!Pxfoǃt!Tdsbncmjoh!ps!Sbol2!mbuujdf

ÅUse a Scrambling Key instead of a shift vector

ÅEnsure good integration at each pixel
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Change the optimization space

ÅChange from sample space optimization to result space optimization

ÅAssume every pixel render the same integrand

ÅBut all pixel use a different XOR keys or seed

Realistic Image Synthesis - Monte Carlo Integration 43



Change the optimization space

ÅChange from sample space optimization to result space optimization

ÅAssume every pixel render the same integrand

ÅBut all pixel use a different XOR keys or seed
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Change the optimization space

ÅChange from sample space optimization to result space optimization

ÅAssume every pixel render the same integrand

ÅBut all pixel use a different sample set
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Change the optimization space
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ÅChange from sample space optimization to result space optimization

ÅAssume every pixel render the same integrand

ÅBut all pixel use a different sample set



Optimization setup

Realistic Image Synthesis - Monte Carlo Integration 47

ÅOptimize the distribution of XOR key

ÅDefine a class of integrands 

ÅOriented Heavisides define by Āand d

ÅD dimensional integrands

Ὁὴȟή Ὡ ¶
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‐ is a vector of signed integration error (Ὢὼ Ὂ) on a large 

set of integrand (typically 65 536 randomized integrands)

The optimization is also done using simulated annealing



Optimization setup
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ÅOptimize the distribution of XOR key

ÅDefine a class of integrands 

ÅOriented Heavisides define by Āand d

ÅD dimensional integrands

‐ is a vector of signed integration error (Ὢὼ Ὂ) on a large 

set of integrand (typically 65 536 randomized integrands)

The optimization is also done using simulated annealing
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Optimization setup
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ÅOptimize the distribution of XOR key

ÅDefine a class of integrands 

ÅOriented Heavisides define by Āand d

ÅD dimensional integrands

ÅRobust to other class of integrand

ÅVarying orientation

ÅVarying smoothness

ÅVarying shape



Optimization setup

ÅRely on simple function

ÅStep function and linear function show properties from rendering (visibility)

ÅAct as a form of discrepancy measure

ÅQuality of the result depend on the choice of the function class

ÅError vector can be simplified

ÅStore the distance norm between to sample set (1 value per pair)

ÅWorks with progressive sampling

ÅIt is possible to optimize the progressive sample set distribution

ÅStill limited by the dimensionality
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Results
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White noise Blue noise



Results
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White noise Blue noise



Results
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White noise Blue noise



Results
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White noise Blue noise



Results
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ÅShare limitations with BNDS !

ÅCan't handlehigh-dimensional integrands

ÅNot robust on complex integrands

ÅStill you should use this method rather than BNDS

ÅCan only do better , not worse



Distributing Monte Carlo Errors as a Blue Noise in Screen 
Space by Permuting Pixel Seeds Between Frames

[Heitz & al 2019]
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Objectives

ÅPrevious works precompute a shift map or sample set distribution

ÅNot adaptive to the rendering

ÅNeed one optimization per sample count/dimension

ÅScene adaptive sample optimization at runtime

ÅUse existing sampler

ÅCan achieve higher quality

ÅWork at arbitrary sample count/dimensionality

ÅNo precomputation
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Redefining the rendering process

ÅIntegration space is often high dimensional an not smooth

ÅModify the integration process to reduce dimensionality

ÅOperate on a smooth space
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ÅChange from Sample space to estimate space

ÅConstruct the histogram of estimate and sample it

ÅThe histogram is a discreet representation of the PDF of estimates

ÅHistogram is a 1D space independently to the sampling space

ὪὼὨὼ Ὄ όὨό



Histogram of estimate

ÅHow to construct the histogram of estimates ?

ÅFor each pixel, render the image with a large number of independent rendering

ÅRendering can be done with multiple samples

ÅJuǃt!qpttjcmf!up!vtf!Mpx!ejtdsfqbodz!tbnqmfs

ÅEach rendering can be determined by the seed of the random generator 
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Histogram of estimate

ÅHistogram naturally create a smooth space

ÅSample set are ordered by rendering value (monotone function)

ÅEstimate the continuous estimate distribution

ÅSimple to construct

ÅRendering with varying sample set

ÅSorting operation based on luminance

ÅOnce sorted just need to store the seed
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ÅHistogram are staircase function

ÅIt is easily invertible

Histogram sampling
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᷿Ὄ όὨό Ὄ ‚with ‚ͯ Ὗπȟρ

‚can be generated with :
Å Random uncorrelated generator
Å A dither mask



Histogram sampling
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ÅUse the dithering mask value to select the corresponding seed

ÅList of estimate values sorted based on luminance



Histogram sampling
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ÅUse the dithering mask value to select the corresponding seed

ÅList of estimate values sorted based on luminance



ÅUse the dithering mask value to select the corresponding seed

ÅList of estimate values sorted based on luminance

Histogram sampling
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