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Filtering Monte Carlo Noise From Random Parameters
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Sen and Darabi [2012]
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High-dimensional Monte Carlo Integration
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Parameters in Monte Carlo estimator
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Random parameters:

Color:
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Random parameter

for each pixel :
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Gaussian Filtering
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Bilateral vs Gaussian Filtering
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Bilateral Filtering of Features
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Dependency on Random Parameters
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Bilateral Weights
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Pixels,Random Params,Features
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Pixels,Random Params,Features
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The algorithm computes the statistical dependency of (c-f) on the random parameters in (b)
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Random Parameter Filtering

18



Realistic Image Synthesis SS2024

Random Parameter Filtering
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Statistical Dependency
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Mutual information between two random variables: 

where, these probabilities are computed over 

the neighborhood of samples around a given pixel
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Statistical Dependency
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Functional dependency of the k-th scene parameter:
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Weighted Average Bilateral Filtering
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Multi-Layer Perceptrons
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History of Neural Networks

• In 1943, McCulloch and Pitts created a computational 
model for neural networks


• In 1975, Werbos's back propagation algorithm generally 
accelerated the training of multi-layer networks.


• In 1980s, Recurrent Neural Networks were developed 
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yj = f(wjxj + bj)
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Complex classifieryj = f(wjxj + bj)
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Complex classifier

What features can produce this decision rule ?
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Perceptron Classifier
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Perceptron Classifier
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Perceptron Classifier
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Perceptron Classifier
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron

39

x1

1

w11

w21

w31

w30

w20

w10

X

X

X

f

f

f
w11

w21
w30

w20

w10

w31

x1
x1
x1

+
+
+

y2
y1

y3

=
=
=

f
f
f

(
(
(

(
(
(



Realistic Image Synthesis SS2024

Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron
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Multi-layer Perceptron

42

w1

w2

w3

w1

w2

w3

X
Output

x1

1

w11

w21

w31

w30

w20

w10

X

X

X

f

f

f

w11

w21
w30

w20

w10

w31

Input

features Hidden layers Output layers

"Features" are outputs of perceptrons

Perceptrons

Matrix of first layer weights

Matrix of second layer weights



Realistic Image Synthesis SS2024

Features of MLPs
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Input

features

Perceptron: Step function

 with linear decision boundary
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Features of MLPs
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Layer 1

2-layer: 
These outputs are now input features to the next layer
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2-layer: 

"Features" are now decision boundaries (partitions)

These outputs are now input features to the next layer
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Features of MLPs
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Layer 1

2-layer: 

"Features" are now decision boundaries (partitions)

All linear combination of those partitions give complex partitions

These outputs are now input features to the next layer
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Features of MLPs
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Layer 1 Layer 2
These complex outputs become 


the features for the new layer



Realistic Image Synthesis SS2024

Features of MLPs
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Layer 1 Layer 2

Deep Neural Networks



Realistic Image Synthesis SS2024

Computational Graph 
representation of Neural Networks
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Neural Networks
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Neural Networks
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Neural Networks
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Two-layer model
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ReLU

* max
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Fully connected layers

What can be a loss function ?
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Fully connected layers

* max

ReLU

* max

ReLU

L2 Loss

R R .W1 W2

What can be a loss function ?

Reference
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Two-layer model
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Two-layer model: Back propagation
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Source link

https://towardsdatascience.com/recurrent-neural-networks-and-lstm-4b601dd822a5
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Two-layer model: Back propagation
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Gradient Descent Algorithm 

for back propagation
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Two-layer model: Back propagation
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Random initialization

Gradient Descent Algorithm 

for back propagation
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Random initialization

Gradient Descent Algorithm 

for back propagation
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Two-layer model: Back propagation
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Random initialization

Global cost minimum

Gradient Descent Algorithm 

for back propagation
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Back Propagation
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@z

@y
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<latexit sha1_base64="8VlKjGw3+kEvUrVvZTIYVduskgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzTuM8Q==</latexit>

f

<latexit sha1_base64="7TJw1lXeyMibys4DlzTFCkAjMQI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7LmNEQ==</latexit>x

<latexit sha1_base64="hEe42FrwY3sb4hyQ/ryfTUzoNMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSrlW962qteVWpN/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD7j2NEg==</latexit>y

<latexit sha1_base64="JjxL+tKvP7qrbaOKaJTZS0U2cIo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f78GNEw==</latexit>z

“local gradients”
<latexit sha1_base64="n5o6xZAB2dynnixxNQN1mGzL3Q8=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHFZwT6gM5RMmmlDMw+SjFiHWbrxV9y4UMStn+DOvzHTDqitBwIn59x7k3u8mDOpLOvLKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxZe53bqmQLApv1CSmboCHIfMZwUpLffPQ8QUmqRNjoRjm6B5l6Od2l/XNqlWzpkCLxC5IFQo0++anM4hIEtBQEY6l7NlWrNw0H0g4zSpOImmMyRgPaU/TEAdUuul0kQwda2WA/EjoEyo0VX93pDiQchJ4ujLAaiTnvVz8z+slyr9wUxbGiaIhmT3kJxypCOWpoAETlCg+0QQTwfRfERlhnYzS2VV0CPb8youkXa/ZZ7X69Wm10SziKMMBHMEJ2HAODbiCJrSAwAM8wQu8Go/Gs/FmvM9KS0bRsw9/YHx8A83zmeI=</latexit>

@z

@x

<latexit sha1_base64="jY69M3FfCnYdKwCeUWAnRymrNWc=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIi6rLgxmUF+4AmlMl00g6dPJiZCDFk6cZfceNCEbd+gjv/xkkbUFsPDJw55947c48XcyaVZX0ZS8srq2vrlY3q5tb2zq65t9+RUSIIbZOIR6LnYUk5C2lbMcVpLxYUBx6nXW9yVfjdOyoki8JblcbUDfAoZD4jWGlpYB45vsAkc2IsFMMc3aMc/dzSfGDWrLo1BVokdklqUKI1MD+dYUSSgIaKcCxl37Zi5WbFQMJpXnUSSWNMJnhE+5qGOKDSzaaL5OhEK0PkR0KfUKGp+rsjw4GUaeDpygCrsZz3CvE/r58o/9LNWBgnioZk9pCfcKQiVKSChkxQoniqCSaC6b8iMsY6GaWzq+oQ7PmVF0mnUbfP642bs1qzVcZRgUM4hlOw4QKacA0taAOBB3iCF3g1Ho1n4814n5UuGWXPAfyB8fENz3iZ4w==</latexit>

@z

@y

<latexit sha1_base64="avd051sWwJB2oxM3rGaOLqnt44E=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHHhooJ9QGcomTTThmYeJBmhDrN046+4caGIWz/BnX9jph1QWw8ETs659yb3eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29towSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1448vc79xRIVkU3qpJTN0AD0PmM4KVlvrmoeMLTFInxkIxzNE1ytDP7T7rm1WrZk2BFoldkCoUaPbNT2cQkSSgoSIcS9mzrVi5aT6QcJpVnETSGJMxHtKepiEOqHTT6SIZOtbKAPmR0CdUaKr+7khxIOUk8HRlgNVIznu5+J/XS5R/4aYsjBNFQzJ7yE84UhHKU0EDJihRfKIJJoLpvyIywjoZpbOr6BDs+ZUXSbtes89q9ZvTaqNZxFGGAziCE7DhHBpwBU1oAYEHeIIXeDUejWfjzXiflZaMomcf/sD4+AaIk5m2</latexit>

@L

@z

gradients
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<latexit sha1_base64="8VlKjGw3+kEvUrVvZTIYVduskgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzTuM8Q==</latexit>

f

<latexit sha1_base64="7TJw1lXeyMibys4DlzTFCkAjMQI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7LmNEQ==</latexit>x

<latexit sha1_base64="hEe42FrwY3sb4hyQ/ryfTUzoNMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSrlW962qteVWpN/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD7j2NEg==</latexit>y

<latexit sha1_base64="JjxL+tKvP7qrbaOKaJTZS0U2cIo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f78GNEw==</latexit>z

“local gradients”
<latexit sha1_base64="n5o6xZAB2dynnixxNQN1mGzL3Q8=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHFZwT6gM5RMmmlDMw+SjFiHWbrxV9y4UMStn+DOvzHTDqitBwIn59x7k3u8mDOpLOvLKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxZe53bqmQLApv1CSmboCHIfMZwUpLffPQ8QUmqRNjoRjm6B5l6Od2l/XNqlWzpkCLxC5IFQo0++anM4hIEtBQEY6l7NlWrNw0H0g4zSpOImmMyRgPaU/TEAdUuul0kQwda2WA/EjoEyo0VX93pDiQchJ4ujLAaiTnvVz8z+slyr9wUxbGiaIhmT3kJxypCOWpoAETlCg+0QQTwfRfERlhnYzS2VV0CPb8youkXa/ZZ7X69Wm10SziKMMBHMEJ2HAODbiCJrSAwAM8wQu8Go/Gs/FmvM9KS0bRsw9/YHx8A83zmeI=</latexit>

@z

@x

<latexit sha1_base64="jY69M3FfCnYdKwCeUWAnRymrNWc=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIi6rLgxmUF+4AmlMl00g6dPJiZCDFk6cZfceNCEbd+gjv/xkkbUFsPDJw55947c48XcyaVZX0ZS8srq2vrlY3q5tb2zq65t9+RUSIIbZOIR6LnYUk5C2lbMcVpLxYUBx6nXW9yVfjdOyoki8JblcbUDfAoZD4jWGlpYB45vsAkc2IsFMMc3aMc/dzSfGDWrLo1BVokdklqUKI1MD+dYUSSgIaKcCxl37Zi5WbFQMJpXnUSSWNMJnhE+5qGOKDSzaaL5OhEK0PkR0KfUKGp+rsjw4GUaeDpygCrsZz3CvE/r58o/9LNWBgnioZk9pCfcKQiVKSChkxQoniqCSaC6b8iMsY6GaWzq+oQ7PmVF0mnUbfP642bs1qzVcZRgUM4hlOw4QKacA0taAOBB3iCF3g1Ho1n4814n5UuGWXPAfyB8fENz3iZ4w==</latexit>

@z

@y

<latexit sha1_base64="avd051sWwJB2oxM3rGaOLqnt44E=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHHhooJ9QGcomTTThmYeJBmhDrN046+4caGIWz/BnX9jph1QWw8ETs659yb3eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29towSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1448vc79xRIVkU3qpJTN0AD0PmM4KVlvrmoeMLTFInxkIxzNE1ytDP7T7rm1WrZk2BFoldkCoUaPbNT2cQkSSgoSIcS9mzrVi5aT6QcJpVnETSGJMxHtKepiEOqHTT6SIZOtbKAPmR0CdUaKr+7khxIOUk8HRlgNVIznu5+J/XS5R/4aYsjBNFQzJ7yE84UhHKU0EDJihRfKIJJoLpvyIywjoZpbOr6BDs+ZUXSbtes89q9ZvTaqNZxFGGAziCE7DhHBpwBU1oAYEHeIIXeDUejWfjzXiflZaMomcf/sD4+AaIk5m2</latexit>

@L

@z

gradients

<latexit sha1_base64="h2qODLN1nTG67kwx/VXJQMMv+dA=">AAACSHicbVDLS8MwHE7ra85X1aOX4BA8jVZEvQgDLzt4mOAesJaSZukWlj5IUnEr/fO8ePTm3+DFgyLeTLeCs/MHgS/fI4/PixkV0jRfNX1ldW19o7JZ3dre2d0z9g86Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNb3K9+0C4oFF4LycxcQI0DKlPMZKKcg3X9jnCqR0jLili8BZm8Hf3mMFrWHYsGqZZWZ5mKVzIu0bNrJuzgcvAKkANFNNyjRd7EOEkIKHEDAnRt8xYOml+IGYkq9qJIDHCYzQkfQVDFBDhpLMiMniimAH0I65WKOGMXUykKBBiEnjKGSA5EmUtJ//T+on0r5yUhnEiSYjnF/kJgzKCeatwQDnBkk0UQJhT9VaIR0gVI1X3VVWCVf7yMuic1a2L+tndea3RLOqogCNwDE6BBS5BAzRBC7QBBk/gDXyAT+1Ze9e+tO+5VdeKzCH4M7r+AyKCszY=</latexit>

@L
@x = @L

@z
@z
@x
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<latexit sha1_base64="8VlKjGw3+kEvUrVvZTIYVduskgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzTuM8Q==</latexit>

f

<latexit sha1_base64="7TJw1lXeyMibys4DlzTFCkAjMQI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7LmNEQ==</latexit>x

<latexit sha1_base64="hEe42FrwY3sb4hyQ/ryfTUzoNMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSrlW962qteVWpN/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD7j2NEg==</latexit>y

<latexit sha1_base64="JjxL+tKvP7qrbaOKaJTZS0U2cIo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f78GNEw==</latexit>z

“local gradients”
<latexit sha1_base64="n5o6xZAB2dynnixxNQN1mGzL3Q8=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHFZwT6gM5RMmmlDMw+SjFiHWbrxV9y4UMStn+DOvzHTDqitBwIn59x7k3u8mDOpLOvLKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxZe53bqmQLApv1CSmboCHIfMZwUpLffPQ8QUmqRNjoRjm6B5l6Od2l/XNqlWzpkCLxC5IFQo0++anM4hIEtBQEY6l7NlWrNw0H0g4zSpOImmMyRgPaU/TEAdUuul0kQwda2WA/EjoEyo0VX93pDiQchJ4ujLAaiTnvVz8z+slyr9wUxbGiaIhmT3kJxypCOWpoAETlCg+0QQTwfRfERlhnYzS2VV0CPb8youkXa/ZZ7X69Wm10SziKMMBHMEJ2HAODbiCJrSAwAM8wQu8Go/Gs/FmvM9KS0bRsw9/YHx8A83zmeI=</latexit>

@z

@x

<latexit sha1_base64="jY69M3FfCnYdKwCeUWAnRymrNWc=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIi6rLgxmUF+4AmlMl00g6dPJiZCDFk6cZfceNCEbd+gjv/xkkbUFsPDJw55947c48XcyaVZX0ZS8srq2vrlY3q5tb2zq65t9+RUSIIbZOIR6LnYUk5C2lbMcVpLxYUBx6nXW9yVfjdOyoki8JblcbUDfAoZD4jWGlpYB45vsAkc2IsFMMc3aMc/dzSfGDWrLo1BVokdklqUKI1MD+dYUSSgIaKcCxl37Zi5WbFQMJpXnUSSWNMJnhE+5qGOKDSzaaL5OhEK0PkR0KfUKGp+rsjw4GUaeDpygCrsZz3CvE/r58o/9LNWBgnioZk9pCfcKQiVKSChkxQoniqCSaC6b8iMsY6GaWzq+oQ7PmVF0mnUbfP642bs1qzVcZRgUM4hlOw4QKacA0taAOBB3iCF3g1Ho1n4814n5UuGWXPAfyB8fENz3iZ4w==</latexit>

@z

@y

<latexit sha1_base64="avd051sWwJB2oxM3rGaOLqnt44E=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHHhooJ9QGcomTTThmYeJBmhDrN046+4caGIWz/BnX9jph1QWw8ETs659yb3eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29towSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1448vc79xRIVkU3qpJTN0AD0PmM4KVlvrmoeMLTFInxkIxzNE1ytDP7T7rm1WrZk2BFoldkCoUaPbNT2cQkSSgoSIcS9mzrVi5aT6QcJpVnETSGJMxHtKepiEOqHTT6SIZOtbKAPmR0CdUaKr+7khxIOUk8HRlgNVIznu5+J/XS5R/4aYsjBNFQzJ7yE84UhHKU0EDJihRfKIJJoLpvyIywjoZpbOr6BDs+ZUXSbtes89q9ZvTaqNZxFGGAziCE7DhHBpwBU1oAYEHeIIXeDUejWfjzXiflZaMomcf/sD4+AaIk5m2</latexit>

@L

@z

gradients

<latexit sha1_base64="QEwyDp1lbRVjqu0M83AUrpssk3w=">AAACSHicbVDLS8MwHE7na85X1aOX4BA8jXaIehEGXnbwMME9YC0lzdItLH2QpEJX+ud58ejNv8GLB0W8mW4FZ+cPAl++Rx6fGzEqpGG8apW19Y3Nrep2bWd3b/9APzzqiTDmmHRxyEI+cJEgjAakK6lkZBBxgnyXkb47vc31/iPhgobBg0wiYvtoHFCPYiQV5eiO5XGEUytCXFLE4B3M4O8uyeANLDuWDbOsLM+yFC7lHb1uNIz5wFVgFqAOiuk4+os1CnHsk0BihoQYmkYk7TQ/EDOS1axYkAjhKRqToYIB8omw03kRGTxTzAh6IVcrkHDOLidS5AuR+K5y+khORFnLyf+0YSy9azulQRRLEuDFRV7MoAxh3iocUU6wZIkCCHOq3grxBKlipOq+pkowy19eBb1mw7xsNO8v6q12UUcVnIBTcA5McAVaoA06oAsweAJv4AN8as/au/alfS+sFa3IHIM/U6n8ACXMszg=</latexit>

@L

@y
=
@L

@z

@z

@y

<latexit sha1_base64="h2qODLN1nTG67kwx/VXJQMMv+dA=">AAACSHicbVDLS8MwHE7ra85X1aOX4BA8jVZEvQgDLzt4mOAesJaSZukWlj5IUnEr/fO8ePTm3+DFgyLeTLeCs/MHgS/fI4/PixkV0jRfNX1ldW19o7JZ3dre2d0z9g86Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNb3K9+0C4oFF4LycxcQI0DKlPMZKKcg3X9jnCqR0jLili8BZm8Hf3mMFrWHYsGqZZWZ5mKVzIu0bNrJuzgcvAKkANFNNyjRd7EOEkIKHEDAnRt8xYOml+IGYkq9qJIDHCYzQkfQVDFBDhpLMiMniimAH0I65WKOGMXUykKBBiEnjKGSA5EmUtJ//T+on0r5yUhnEiSYjnF/kJgzKCeatwQDnBkk0UQJhT9VaIR0gVI1X3VVWCVf7yMuic1a2L+tndea3RLOqogCNwDE6BBS5BAzRBC7QBBk/gDXyAT+1Ze9e+tO+5VdeKzCH4M7r+AyKCszY=</latexit>

@L
@x = @L

@z
@z
@x
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<latexit sha1_base64="8VlKjGw3+kEvUrVvZTIYVduskgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzTuM8Q==</latexit>

f

<latexit sha1_base64="7TJw1lXeyMibys4DlzTFCkAjMQI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7LmNEQ==</latexit>x

<latexit sha1_base64="hEe42FrwY3sb4hyQ/ryfTUzoNMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSrlW962qteVWpN/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD7j2NEg==</latexit>y

<latexit sha1_base64="JjxL+tKvP7qrbaOKaJTZS0U2cIo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f78GNEw==</latexit>z

“local gradients”
<latexit sha1_base64="n5o6xZAB2dynnixxNQN1mGzL3Q8=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHFZwT6gM5RMmmlDMw+SjFiHWbrxV9y4UMStn+DOvzHTDqitBwIn59x7k3u8mDOpLOvLKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxZe53bqmQLApv1CSmboCHIfMZwUpLffPQ8QUmqRNjoRjm6B5l6Od2l/XNqlWzpkCLxC5IFQo0++anM4hIEtBQEY6l7NlWrNw0H0g4zSpOImmMyRgPaU/TEAdUuul0kQwda2WA/EjoEyo0VX93pDiQchJ4ujLAaiTnvVz8z+slyr9wUxbGiaIhmT3kJxypCOWpoAETlCg+0QQTwfRfERlhnYzS2VV0CPb8youkXa/ZZ7X69Wm10SziKMMBHMEJ2HAODbiCJrSAwAM8wQu8Go/Gs/FmvM9KS0bRsw9/YHx8A83zmeI=</latexit>

@z

@x

<latexit sha1_base64="jY69M3FfCnYdKwCeUWAnRymrNWc=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIi6rLgxmUF+4AmlMl00g6dPJiZCDFk6cZfceNCEbd+gjv/xkkbUFsPDJw55947c48XcyaVZX0ZS8srq2vrlY3q5tb2zq65t9+RUSIIbZOIR6LnYUk5C2lbMcVpLxYUBx6nXW9yVfjdOyoki8JblcbUDfAoZD4jWGlpYB45vsAkc2IsFMMc3aMc/dzSfGDWrLo1BVokdklqUKI1MD+dYUSSgIaKcCxl37Zi5WbFQMJpXnUSSWNMJnhE+5qGOKDSzaaL5OhEK0PkR0KfUKGp+rsjw4GUaeDpygCrsZz3CvE/r58o/9LNWBgnioZk9pCfcKQiVKSChkxQoniqCSaC6b8iMsY6GaWzq+oQ7PmVF0mnUbfP642bs1qzVcZRgUM4hlOw4QKacA0taAOBB3iCF3g1Ho1n4814n5UuGWXPAfyB8fENz3iZ4w==</latexit>

@z

@y

<latexit sha1_base64="avd051sWwJB2oxM3rGaOLqnt44E=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHHhooJ9QGcomTTThmYeJBmhDrN046+4caGIWz/BnX9jph1QWw8ETs659yb3eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29towSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1448vc79xRIVkU3qpJTN0AD0PmM4KVlvrmoeMLTFInxkIxzNE1ytDP7T7rm1WrZk2BFoldkCoUaPbNT2cQkSSgoSIcS9mzrVi5aT6QcJpVnETSGJMxHtKepiEOqHTT6SIZOtbKAPmR0CdUaKr+7khxIOUk8HRlgNVIznu5+J/XS5R/4aYsjBNFQzJ7yE84UhHKU0EDJihRfKIJJoLpvyIywjoZpbOr6BDs+ZUXSbtes89q9ZvTaqNZxFGGAziCE7DhHBpwBU1oAYEHeIIXeDUejWfjzXiflZaMomcf/sD4+AaIk5m2</latexit>

@L

@z

gradients

<latexit sha1_base64="QEwyDp1lbRVjqu0M83AUrpssk3w=">AAACSHicbVDLS8MwHE7na85X1aOX4BA8jXaIehEGXnbwMME9YC0lzdItLH2QpEJX+ud58ejNv8GLB0W8mW4FZ+cPAl++Rx6fGzEqpGG8apW19Y3Nrep2bWd3b/9APzzqiTDmmHRxyEI+cJEgjAakK6lkZBBxgnyXkb47vc31/iPhgobBg0wiYvtoHFCPYiQV5eiO5XGEUytCXFLE4B3M4O8uyeANLDuWDbOsLM+yFC7lHb1uNIz5wFVgFqAOiuk4+os1CnHsk0BihoQYmkYk7TQ/EDOS1axYkAjhKRqToYIB8omw03kRGTxTzAh6IVcrkHDOLidS5AuR+K5y+khORFnLyf+0YSy9azulQRRLEuDFRV7MoAxh3iocUU6wZIkCCHOq3grxBKlipOq+pkowy19eBb1mw7xsNO8v6q12UUcVnIBTcA5McAVaoA06oAsweAJv4AN8as/au/alfS+sFa3IHIM/U6n8ACXMszg=</latexit>

@L

@y
=
@L

@z

@z

@y

<latexit sha1_base64="h2qODLN1nTG67kwx/VXJQMMv+dA=">AAACSHicbVDLS8MwHE7ra85X1aOX4BA8jVZEvQgDLzt4mOAesJaSZukWlj5IUnEr/fO8ePTm3+DFgyLeTLeCs/MHgS/fI4/PixkV0jRfNX1ldW19o7JZ3dre2d0z9g86Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNb3K9+0C4oFF4LycxcQI0DKlPMZKKcg3X9jnCqR0jLili8BZm8Hf3mMFrWHYsGqZZWZ5mKVzIu0bNrJuzgcvAKkANFNNyjRd7EOEkIKHEDAnRt8xYOml+IGYkq9qJIDHCYzQkfQVDFBDhpLMiMniimAH0I65WKOGMXUykKBBiEnjKGSA5EmUtJ//T+on0r5yUhnEiSYjnF/kJgzKCeatwQDnBkk0UQJhT9VaIR0gVI1X3VVWCVf7yMuic1a2L+tndea3RLOqogCNwDE6BBS5BAzRBC7QBBk/gDXyAT+1Ze9e+tO+5VdeKzCH4M7r+AyKCszY=</latexit>

@L
@x = @L

@z
@z
@x
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<latexit sha1_base64="8VlKjGw3+kEvUrVvZTIYVduskgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzTuM8Q==</latexit>

f

<latexit sha1_base64="7TJw1lXeyMibys4DlzTFCkAjMQI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7LmNEQ==</latexit>x

<latexit sha1_base64="hEe42FrwY3sb4hyQ/ryfTUzoNMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSrlW962qteVWpN/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD7j2NEg==</latexit>y

<latexit sha1_base64="JjxL+tKvP7qrbaOKaJTZS0U2cIo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZHHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f78GNEw==</latexit>z

“local gradients”
<latexit sha1_base64="n5o6xZAB2dynnixxNQN1mGzL3Q8=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHFZwT6gM5RMmmlDMw+SjFiHWbrxV9y4UMStn+DOvzHTDqitBwIn59x7k3u8mDOpLOvLKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxZe53bqmQLApv1CSmboCHIfMZwUpLffPQ8QUmqRNjoRjm6B5l6Od2l/XNqlWzpkCLxC5IFQo0++anM4hIEtBQEY6l7NlWrNw0H0g4zSpOImmMyRgPaU/TEAdUuul0kQwda2WA/EjoEyo0VX93pDiQchJ4ujLAaiTnvVz8z+slyr9wUxbGiaIhmT3kJxypCOWpoAETlCg+0QQTwfRfERlhnYzS2VV0CPb8youkXa/ZZ7X69Wm10SziKMMBHMEJ2HAODbiCJrSAwAM8wQu8Go/Gs/FmvM9KS0bRsw9/YHx8A83zmeI=</latexit>

@z

@x

<latexit sha1_base64="jY69M3FfCnYdKwCeUWAnRymrNWc=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIi6rLgxmUF+4AmlMl00g6dPJiZCDFk6cZfceNCEbd+gjv/xkkbUFsPDJw55947c48XcyaVZX0ZS8srq2vrlY3q5tb2zq65t9+RUSIIbZOIR6LnYUk5C2lbMcVpLxYUBx6nXW9yVfjdOyoki8JblcbUDfAoZD4jWGlpYB45vsAkc2IsFMMc3aMc/dzSfGDWrLo1BVokdklqUKI1MD+dYUSSgIaKcCxl37Zi5WbFQMJpXnUSSWNMJnhE+5qGOKDSzaaL5OhEK0PkR0KfUKGp+rsjw4GUaeDpygCrsZz3CvE/r58o/9LNWBgnioZk9pCfcKQiVKSChkxQoniqCSaC6b8iMsY6GaWzq+oQ7PmVF0mnUbfP642bs1qzVcZRgUM4hlOw4QKacA0taAOBB3iCF3g1Ho1n4814n5UuGWXPAfyB8fENz3iZ4w==</latexit>

@z

@y

<latexit sha1_base64="avd051sWwJB2oxM3rGaOLqnt44E=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEV2WmiLosuHHhooJ9QGcomTTThmYeJBmhDrN046+4caGIWz/BnX9jph1QWw8ETs659yb3eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29towSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1448vc79xRIVkU3qpJTN0AD0PmM4KVlvrmoeMLTFInxkIxzNE1ytDP7T7rm1WrZk2BFoldkCoUaPbNT2cQkSSgoSIcS9mzrVi5aT6QcJpVnETSGJMxHtKepiEOqHTT6SIZOtbKAPmR0CdUaKr+7khxIOUk8HRlgNVIznu5+J/XS5R/4aYsjBNFQzJ7yE84UhHKU0EDJihRfKIJJoLpvyIywjoZpbOr6BDs+ZUXSbtes89q9ZvTaqNZxFGGAziCE7DhHBpwBU1oAYEHeIIXeDUejWfjzXiflZaMomcf/sD4+AaIk5m2</latexit>

@L

@z

gradients
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Slides courtesy: Stanford Online Course

https://www.youtube.com/watch?v=d14TUNcbn1k&list=PL3FW7Lu3i5JvHM8ljYj-zLfQRF3EO8sYv&index=4
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Slides courtesy: Stanford Online Course

https://www.youtube.com/watch?v=d14TUNcbn1k&list=PL3FW7Lu3i5JvHM8ljYj-zLfQRF3EO8sYv&index=4
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Machine Learning for Filtering 
Monte Carlo Noise
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Kalantari et al. [SIGGRAPH 2015]
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Pixel neighborhood

Filter weights

For cross Bilateral filters:
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Pixel neighborhood

Filter weights

Sen and Darabi [2012]
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Sen and Darabi [2012]
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Filter weights
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For cross Bilateral filters:

Pixel screen coordinates

Mean sample color value

Scene features



Realistic Image Synthesis SS2024

Filter weights
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What are the optimal parameters ?

For cross Bilateral filters:

Pixel screen coordinates

Mean sample color value

Scene features
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Neural Network Approach

• Feed-forward Neural network


• Best part: We can learn weights in a training phase


• Back propagation: Important for training weights


• For Back propagation, the Loss function should be 
differentiable and


• all the intermediate functionals should be differentiable. 
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Relative Mean Square Error:
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Relative Mean Square Error:

???
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Relative Mean Square Error:
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DenoisingIntroduction to CNNs Neural Importance  
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Zero Padding and Strides

Stride 1 Stride 2

zero padding 

1D image to illustrate the strides and zero padding
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Zero Padding and Strides

Stride 1 Stride 2

zero padding 
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Strides

Stride 1 Stride 2

zero padding zero padding 

1D image to illustrate the strides and zero padding
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Max Pooling / Down Sampling
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Overview on Convolutional Neural Networks
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Image Courtesy: Mathworks (online tutorial)
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Multi-layer Perceptron vs. CNNs
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Multi-layer Perceptron vs. CNNs
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Multi-layer perceptron CNNs

All nodes are fully connected in all layers Weights are shared across layers

In theory, should be able to achieve good quality 

results in small number of layers.

Requires significant number of layers to capture 

all the features (e.g. Deep CNNs)

Number of weights to be learnt are very high Relatively small number of weights required

…
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Kernel-Predicting  
DenoisingIntroduction to CNNs
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Kernel-Predicting Networks for Denoising  
Monte-Carlo Renderings

Bako et al. [2017]
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100

Limitations of MLP based Denoiser

Kernel was pre-selected to be joint bilateral filter

- Unable to explicitly capture all details

Fixed 
- can cause unstable weights causing bright ringing and color artifacts

- lacked flexibility to handle wide range of MC noise in production scenes

Too many parameters to optimize
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Requirements

The function must be flexible to capture complex relationship between 

input data and reference colors over wide range of scenarios.

Choice of loss function is crucial. Should capture perceptual aspects of the scene.

To avoid overfitting, large dataset required
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Denoising a raw, noisy color buffer causes overblurring
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Using a Vanilla CNN

Denoising a raw, noisy color buffer causes overblurring

- difficulty in distinguishing scene details and MC noise

High dynamic range

- can cause unstable weights causing bright ringing and color artifacts
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Denoising Model

Denoised function with parameters

Reference image

Denoised value Loss function
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Computational Model

Neighborhood

Final denoised value

Denoised value

Kernel weights
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Direct Prediction Network

Direct prediction convolution network: outputs denoised image
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Direct Prediction Network

Direct prediction convolution network: outputs denoised image

Issues:

The constrained nature and complexity of the problem makes optimization difficult.

The magnitude and variance of stochastic gradients computed during training can be large, 

which slows convergence of training loss.
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Kernel Prediction Network

Kernel prediction convolution network: outputs learned kernel weights

Softmax activation to enforce 

weights within range

Denoised color values:
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Kernel Prediction Network

Final color estimate always lies within the convex hull of the respective 

neighborhood (avoid color shifts).

Ensures well-behaved gradients of the error w.r.t the kernel weights
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Proposed Architecture
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Diffuse/Specular components

Diffuse components are well-behaved and typically has small ranges

Specular components are challenging due to high dynamic ranges: uses logarithmic transform

- albedo is factored out to allow large range kernels

Each component is denoised separately
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Training Dataset: 600 frames
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Training

8-hidden layers used with 100 kernels of 5x5 in each layer for each network

For KPCN (kernel-predicting network), output kernel size used = 21

Weights for 128 spp and 32 spp networks were initialized using Xavier method 

Diffuse and specular components were independently trained with L1 loss metric
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Learning rate of DPCN vs. KPCN

On Cars 3 dataset, KPCN converges 5-6x faster
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Results
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Ablation study
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Ablation study

Also works on Piper short movie frames
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Interactive Reconstruction of Monte Carlo Sequences
Chaitanya et al. [2017]
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Limited to a few rays per pixel @ 1080p @ 30Hz

Never enough to reconstruct an image

Deep learning approach for interactive graphics
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Limited to a few rays per pixel @ 1080p @ 30Hz

Never enough to reconstruct an image

Deep learning approach for interactive graphics
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Problem Statement
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Handle generic effects:

- Soft shadows

- Diffuse and specular reflections

- Global illumination (one-bounce)

- No Motion blur or depth of field
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System setup: Path tracing
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System setup: Path tracing
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System setup: Path tracing
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Rasterize primary hits in G-buffers

Path-tracing from the primary paths

- 1 ray for direct shadows

- 2 rays for indirect (sample + connect)

1 direct + 1 indirect path (spp)
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Train auto encoders to reconstruct image from 1spp

Denoising Autoencoder (DAE)
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Recurrent Autoencoder

128
[Chaitanya et al. 2017]
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Recurrent Neural Networks
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Encoder and decoder stages for dimensionality reduction

Encoder Decoder
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Encoder and decoder stages for dimensionality reduction

Encoder Decoder
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Recurrent Neural Networks
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Encoder and decoder stages for dimensionality reduction

Skip connections  to reintroduce lost information

Encoder Decoder
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Auxillary Features
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Untextured color View space normals Linearize depth
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Training Features
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Training Features
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Auxillary Features
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1spp approx. 70 ms
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Auxillary Features
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DAE 1spp  
approx. 70 ms + approx. 60 ms
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Auxillary Features
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Reference 1024 spp 
approx. 240 ms
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DAE Results
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DAE Results
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Encoder Decoder

Feedback loops to retain important information after every encoding stage 

RCNN



Realistic Image Synthesis SS2024

Recurrent Denoising 
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137

Encoder Decoder

Feedback loops to retain important information after every encoding stage 

RCNN
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Recurrent Neural Networks
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CNNs, 

fixed input, 

fixed output

 Sequence output

e.g., image captioning takes an image as input and 

outputs a sentence of words
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Recurrent Neural Networks

141

CNNs, 

fixed input, 

fixed output

 Sequence output

 Sequence input

e.g., to know the sentiments of a sentence 
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CNNs, 

fixed input, 

fixed output

 Sequence output

 Sequence input

 Sequence input,

Sequence output.


e.g. Machine translation



Realistic Image Synthesis SS2024

Recurrent Neural Networks
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CNNs, 

fixed input, 

fixed output

 Sequence output

 Sequence input

 Sequence input,

Sequence output.


e.g. Machine translation

Synced sequence 

Input & output
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Training

144

Input is a sequence of 7 frames

128x128 random image crop per sequence

Play the sequence forward/backward

Each frame advance the camera or random seed
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Loss Functions
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Spatial Loss to emphasize more 

the dark regions
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Spatial Loss to emphasize more 

the dark regions

Temporal loss
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Spatial Loss to emphasize more 

the dark regions

Temporal loss High frequency error norm loss

for stable edges
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Loss Functions
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Spatial Loss to emphasize more 

the dark regions

Temporal loss

Final Loss is a weighted averaged of above losses

High frequency error norm loss

for stable edges
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Training Loss depends on 
Auxiliary Features

149

Untextured + normal + depth
Untextured + normal
Untextured + depth

Color only

100 101 102 103Epochs

Auxiliary Features
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Temporal Stability
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Normalizing Flows: 
Importance Sampling
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Normalizing Flows
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Normalizing Flows

Technique used in Machine learning to build complex 
probability distributions by transforming simple ones  

Used in the context of generative modeling 

Generative modeling: learning without any target 
(unsupervised)

159
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Complex Probability distributions 
from simple ones
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Normalizing Flows:  
Basic mathematical framework

162
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z p✓(z)

x = f✓(z) = fk � � � f2 � f1(z)

⇠

each fi is invertible (bijective)

Given a continuous variable with a distribution

New distribution obtained
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Distributions
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X
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X
Z f

f�1

Distributions
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Change of variable formula says that:
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f : Z ! X, f is invertible

p(z) defined over z 2 Z

p(x) = p(f�1(x))

����det
✓
@f�1(x)

@x

◆����

p(x) = p(z)

����det
✓
@z

@x

◆����
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f : R2 ! R2

Jacobian determinant gives the ratio of the area of the approximating parallelogram to that of the original square.
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f : Z ! X, f is invertible

p(z) defined over z 2 Z

p(x) = p(f�1(x))

����det
✓
@f�1(x)

@x

◆����

p(x) = p(z)

����det
✓
@z

@x

◆����

Jacobian Matrix
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XZ

det

✓
@x

@z

◆
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f : Z ! X, f is invertible

p(z) defined over z 2 Z
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p(x) = p(z) =

�����
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�
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✓
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◆
= 4

f : Z ! X, f is invertible
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f : Z ! X, f is invertible

p(z) defined over z 2 Z

log p(x) = log p(z) + log

����det
✓
@f�1(x)

@x

◆����

Maximize Log-likelihood
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f : Z ! X, f is invertible

p(z) defined over z 2 Z

log p(x) = log p(z) + log

����det
✓
@f�1(x)

@x

◆����

Maximize Log-likelihood

log p(x) = log p(z) +
KX

i=1

log

����det
✓
@f�1(x)

@x

◆����
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f : Z ! X, f is invertible

p(z) defined over z 2 Z

Jacobian: Lower Triangular Matrix
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Render time: sometimes >100 cpu-hours
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"Path tracing" algorithm2 spp512 paths per pixel

182Path tracing Neural path guiding
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Path tracing: direct-illumination sampling

BSDF
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x

Multiple Importance Sampling 
[Veach and Guibas 1995]
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Incident radiance

x

Where is path guiding useful?



Goal: Sample proportional to incident radiance.
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Optimize

Sample

Feedback loop

Neural networkPath tracer
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How?
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Goal: warp random numbers to good distribution with NN

194

z x

F ≈
1
N

N

∑
i=1

f(Xi)
p(Xi)

Need p in closed form!
Addressed by "normalizing flows"Monte Carlo estimator

Random number Sample

[Dinh et al. 2016] [Dinh et al. 2016]
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A chain of simple bijections can model complicated functions
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Parametric bijective functions
(normalizing flow)

m1 ∘ m2 ∘ … ∘ mLz x

Sample

p(x) = p(z) ⋅
L

∏
i=1

det ( ∂mi(z)
∂zT )

−1

Our choice, e.g. Gaussian

Random number

Squishing/stretching by m 

[Dinh et al. 2016] [Dinh et al. 2016]



Affine bijections

m(z; t) = t + z

NICE [Dinh et al. 2014]
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Affine bijections

m(z; t, s) = t + z ⋅ s

RealNVP [Dinh et al. 2016]
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Training with data from the correct distribution is simple

Optimize

∇θlog p(x; θ)

min KL-divergence
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Neural network

Training data

Desired distribution



Training from Monte Carlo samples requires careful weighting

Optimize

     distributed

f(x)
p(x; θ)

∇θlog p(x; θ)

min KL-divergence

p(x; θ)
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Optimize

f(x)2

p(x; θ)2
∇θlog p(x; θ)

min variance

     distributedp(x; θ)

Training from Monte Carlo samples requires careful weighting

210

Neural networkTraining data



Optimize

f(x)2

p(x; θ)2
∇θlog p(x; θ)

min     -divergenceχ2

     distributedp(x; θ)

Training from Monte Carlo samples requires careful weighting
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Putting it together...
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2 spp8 paths per pixel
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2 spp32 paths per pixel

Path tracing 219Neural path guiding
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2 spp128 paths per pixel

221Path tracing Neural path guiding
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2 spp256 paths per pixel

222Path tracing Neural path guiding
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"Path tracing" algorithm2 spp512 paths per pixel

223Path tracing Neural path guiding
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Conclusion

• Neural networks can drive unbiased MC integration 

• Complicated integrands (e.g. product path guiding) 

• Computational cost of neural path guiding is high, but quality is 
state of the art
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