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Volumetric Rendering Equation

Volumetric Path Tracing

Woodcock Tracking




Volumetric Rendering Equation

T,,n (X, X¢)0s(X¢) fp(xt,c?}’ W) L; (x4, )dw'dt

T



Recall: Monte Carlo Integration

I:/ ) dx
D

flz
/ f(@) S
D
1 N
k=1
How to generate the

locations ;7

.
T




Independent Random Sampling

for (Int K = 0; kK < num; k++)

{

samples(k).x = randf();

samples(k).y = randf();
}
v Trivially extends to higher dimensions
v Trivially progressive and memolgss

O Big gaps

O Clumping

T



Recall: Fourier Theory

Input Image Power Spectrum

Image courtesy: Laurent Belcour

10
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https://belcour.github.io/blog/course/2016/08/25/siggraph-course-part1.html

Recall: Fourier theory
__ 7 e—27rz(&’wf 7
)= | 1@ A

N

Fourier transform:  f(

N
Sampling function: S(&) :/ %@ﬁ?f@‘@k{jf
D=7 k=1

1 N
N Z e—2 w1 (W T )
k=1

11
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Independent Random Sampling

Samples Power spectrum

12
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Independent Random Sampling

Many sample set realizations Expectedoower spectrum

—

Wy

1 N
- —2m1 (W)
E N};e &

O o




Independent Random Sampling

Samples Expected power spectrum DC Peak Radial mean
— 7

2 ~

Power
|
1

0 — 1 2 3  a
Frequency

] — :
N Z e—27T’L (ka) ]
k=1
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Source code: Power spectrum

procedure powerSpectrum(samples, spectrumWidth, spectrumHeight)
int N = samples.size ()
for u: 0 — spectrumWidth{
for v: 0 — spectrumHeight{
double real = 0, imag = O0;

}
}

return power,

17
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Source code: Power spectrum

procedure powerSpectrum(samples, spectrumWidth, spectrumHeight)
int N = samples.size ()
for u: 0 — spectrumWidth{
for v: 0 — spectrumHeight{
double real = 0, imag = O0;

//compute the real and imaginary fourier coefficients
for(int k=0;k<N;k++) {

}
}

return power,

}

©® UNIVERSITAT
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Source code: Power spectrum

procedure powerSpectrum(samples, spectrumWidth, spectrumHeight)
int N = samples.size ()
for u: 0 — spectrumWidth{
for v: 0 — spectrumHeight{
double real = 0, imag = O0;

//compute the real and imaginary fourier coefficients
for(int k=0;k<N;k++){
real += cos(2 * m * (u * samples[k].x + v * samples[k].y));
imag += sin(2 * m * (u * samples[k].x + v * samples[k].y));

}

}
}

return power,

}

©® UNIVERSITAT
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Source code: Power spectrum

procedure powerSpectrum(samples, spectrumWidth, spectrumHeight)
int N = samples.size ()
for u: 0 — spectrumWidth{
for v: 0 — spectrumHeight{
double real = 0, imag = O0;

//compute the real and imaginary fourier coefficients
for(int k=0;k<N;k++){
real += cos(2 * m * (u * samples[k].x + v * samples[k].y));
imag += sin(2 * m * (u * samples[k].x + v * samples[k].y));

}
//power spectrum is the magnitude square value of the coefficients
power [u * spectrumWidth + v] = (real*real + imag * imag) / N;
}
}
return power,

}

©® UNIVERSITAT
uu"uu"““ DES
ST SAARLANDES

20
T



for (uinti = 0; i < numX; i++)

©® UNIVERSITAT

Regular Sampling

for (uint j = 0; j < numY; j++)

{

samples(l,]).x = (1 + 0.5)/numX;

samples(l,)).y = (J + 0.5)/numY;

VIEGSYRaA (2 KAIKSNI

O Curse of dimensionality

O Aliasing

21
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Regular Sampling

for (uint1=0; I < numxX; 1++)
for (uint ] = 0; ] < numyY; J++)
{
samples(l,]).x = (1 + 0.5)/numX;
samples(l,)).y = (J + 0.5)/numY;

23
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Jittered/Stratifled Sampling

for (uint1=0; 1 < numX; I++)
for (uintj =0; ] < numY; j++)
{
samples(i,}).x = (I + randf() )/numX;
samples(l,]).y = (] + randf() )/numY:;

}
v Provably cannot increase variance

VIEUSYRa (2 KAHKéNJﬁAYéxé
O Curse of dimensionality

O Not progressive

24
T
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Jittered Sampling

Samples Expected power spectrum Radial mean

Frequency

25
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Independent Random Sampling

Samples Expected power spectrum Radial mean

) é )
Frequency

26
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Monte Carlo (16 random samples)

-

L}

e

=)
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Monte Carlo (16 jittered samples)

] dia .
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Stratifying in Higher Dimensions
Stratification requires (%) samples
- e.g. pixel (2D) + lens (2D) + time (1D) = 5D
wsplitting 2 times in 5D =2 32 samples
wsplitting 3 times in 5D =3 243 samples!
Inconvenient for large

- cannot select sample count with fine granularity

30
T




Uncorrelated Jitter |[Cook et al. 84]

Compute stratifiled samples In stlimensions
- 2D Jittered (X,y) for pixel
- 2D jittered (u,v) for lens
- 1D jittered (t) for time

- combine dimensions
IN random order

31
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Depth of Field (4D)

Reference Random Sampling Uncorrelated Jitter

32
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Uncorrelated JitterE Latin Hypercube
Stratify samples in each dimension separately
- for 5D: 5 separate 1D jittered point sets

- combine dimensions X [ o N

IN random order x1 x2 X3 x4

Y ® o[ o ®
yl y2 y3 y4

U ® ® ¢1<-

ul u2j u3 u4

V | o O o
V4
<4
t4

AAAAAAAAAA

34
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Uncorrelated JitterE Latin Hypercube
Stratify samples in each dimension separately

- for 5D: 5 separate 1D jittered point sets

- combine dimensions
IN random order

AAAAAAAAAA

X

B

X3

35
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N-Rooks = 2D Latin Hypercube [Shirley 91

Stratify samples in each dimension separately

- for 2D: 2 separate 1D jittered point sets

- combine dimensions
IN random order

AAAAAAAAAA

X

y

B

x1

X2

X3

X4

y4

36
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Latin Hypercube (NRooks) Sampling
IShirley 91]

37
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https://commons.wikimedia.org/w/index.php?curid=3318748

Latin Hypercube (NRooks) Sampling

/[ Initialize the diagonal

for (uint d = 0; d < numDimensions; d++) .
L . . o
for (uint1=0; 1 < NnUMS; I++) ®
samples(d,i) = (i + randf())/numS; ®
.
o
O
.
e
o
.
0
O
O
O
o
Initialize 24

(e



Latin Hypercube (NRooks) Sampling

// Initialize the diagonal
for (uintd = 0; d < numDimensions; d++)
for (uinti = 0; I < nuMS; I++)
samples(d,i) = (i + randf())/numS; ®

// shuffle each dimension independently O
for (uirt d = 0;)d < numDimensions; d++) O

shuffle(samples(d,:));

39
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Latin Hypercube (NRooks) Sampling

// Initialize the diagonal
for (uint d = 0; d < numDimensions; d++)
for (uint1=0; 1 < numS; I++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uirlt d = 0;Jd < numDimensions; d++)

shuffle(samples(d,:));

AAAAAAAAAA

40
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Latin Hypercube (NRooks) Sampling

// Initialize the diagonal
for (uintd = 0; d < numDimensions; d++)
for (uint1=0; 1 < nuMS; I++)
samples(d,i) = (i + randf())/numS; o

// shuffle each dimension independent O
for (untd =0:;d < numDimensions; O

shuffle(samples(d,:));

41
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Latin Hypercube (NRooks) Sampling

// Initialize the diagonal
for (uint d = 0; d < numDimensions; d++)
for (uint1=0; 1 < numS; I++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently

for (uint d = 0; d < numDimensions; d++)
shuffle(samples(d,:));

AAAAAAAAAA

| II'III)II



Latin Hypercube (NRooks) Sampling

43
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Latin Hypercube (NRooks) Sampling

44
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Latin Hypercube (NRooks) Sampling

o . — o )
Unevenly distributed in s N el e
. i \
n-dimens ® \ °
‘\ ®
T D Ad
o L]
//il.
o vam s
. \\ // ’_\
® ~1__ - o
® ®] Evenly distributed in each

e o individual dimension
o s
O D)
e -
® Ad
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N-Rooks Sampling

Samples Expected power spectrum Radial mean

2
Frequency

46
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Multi-Jdittered Sampling

YSYYSUK [/ KAdzZ t SUSNI { KANI Se
SAUUSNBR GraphdsiGeams e S7@R7¢.
Academic Press, May 1994.

¢ combine NRooks and Jittered stratification constraints

47
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Multi-Jdittered Sampling

48
T
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Multi-Jdittered Sampling

I/ Initialize
float cellSize = 1.0 / (resX*resY);
for (uinti1=0; 1 <resX; I++)
for (uintj = 0; j < resY; j++)
{
samples(l,}).x = i/resX + (J+randf()) / (resX*resY);
samples(i,j).y = j/resY + (i+randf()) / (resX*resY);
}

// shuffle x coordinates within each column of cells
for (uint1=0; 1 <resX; I++)
for (uint j = resY -1;j>=1; ] - )
swap(samples(l, j).x, samples(i, randi(0, |)).x);

// shuffle y coordinates within each row of cells
for (unsigned j = O; j < resY; j++)
for (unsigned i = resX -1;1>=1; 1 -- )
swap(samples(l, |).y, samples(randi(0, 1), ]).y);
49
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Multi-Jdittered Sampling

Shuffiéideomrds

50
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Multi-Jdittered Sampling
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Multi-Jdittered Sampling
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Multi-Jdittered Sampling
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Multi-Jdittered Sampling

Shuffle jycoords
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Multi-Jdittered Sampling

Shuffle lycoords
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Multi-Jdittered Sampling

Shuffle lycoords
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Multi-Jdittered Sampling

Shuffle lycoords

57
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Multi-Jdittered Sampling

Shuffle lycoords
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Multl-Jittered Sampling (Projections)
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Multl-Jittered Sampling (Projections)

60
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Multl-Jittered Sampling (P

rojections)

61
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Multl-Jittered Sampling (Projections)

Evenly distributed in 2D!

Evenly distributed in each
iIndividual dimension

)
.‘_
Ll
O
o
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O
-
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O
—
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O
@
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O
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Multi-Jdittered Sampling

Samples Expected power spectrum Radial mean

1 é !
Frequency
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N-Rooks Sampling

Samples Expected power spectrum Radial mean

2
Frequency

65
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Jittered Sampling

Samples Expected power spectrum Radial mean

Frequency

66
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PoissonDisk/Blue-Noise Sampling

Enforce a minimum distance between points

PoissorDIsk Sampling:

-alN] !'® %P 5ALIIS YR 9INIAYy3I | Sy
al2O0KI auAACMSBIGGRAPIOSST @ €

-W20SNIL [ /227D a{U20KI ailACR al Y
Transactions on GraphicK9)86.

-INBa [I3FS YR tKAfALI 5dzZiNBP a!
t 2Aaaz2y RAa Conpited Arajhics nrpd@0g.a @ ¢
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Random Dart Throwing
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Poisson Disk Sampling

Samples Expected power spectrum Radial mean

Frequency

71
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Blue-Noise Sampling (Relaxatiorbased)
1. Initialize sample positions (e.g. random)

2. Use an Iterative relaxation to move samples away from
each other.

72
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| loyd-Relaxation Method

73
T




CCVT Sampling [Balzer et al. 2009}

T



CCVT Sampling [Balzer et al. 2009]

Samples Expected power spectrum Radial mean

Frequency
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Poisson Disk Sampling

Samples Expected power spectrum Radial mean

Frequency
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Low-Discrepancy Sampling

Deterministicsets of points specially crafted to be evenly
distributed (have low discrepancy).

Entire field of study called Quasionte Carlo (QMC)

77
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The Van der Corput Seqguence

Radical Inversayp In base 2 y 3ase o -
{dz0aSljdzSyu LR2Ayoa doFl =Ry
OATIISal Kz2f Sag P 10 01 = 1/4

3 11 11 =3/4

4 100 .001 =1/8

5 101 101 =5/8

6 110 .011 = 3/8

4 111 111 =7/8

- — — —
80
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Halton and Hammersley Points

Halton: Radical inverse with different base for each dimension:

Ty = (P2(k), 3(k), P5(K), ... , Pp, (K))
- The bases should all be relatively prime.

- Incremental/progressive generation of samples

Hammersley Same as Halton, but first dimensiorkibl:

- Not mcrementzgl g)&{ know gémp(! COUNK, |H°’agc\)eznce

82
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The Hammersley Seqguence

AV SNJZé-Bf ¢

T



The Hammersley Seqguence

Mo &FYLES Ay SFEOK 4SESYSyidlNE AyidSNDLT ¢

T e,




The Hammersley Seqguence

Mo&FYLES Ay SEOK aS{SYSyidlNB AydSNIBLT¢
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The Hammersley Seqguence

Mo &FYLES Ay SFEOK 4SESYSyidlNE AyidSNDLT ¢
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The Hammersley Seqguence

Mo EFYLES Ay SEOK 4SESYSyidlNE AyidSNDLT ¢

T e,




The Hammersley Seqguence

Mo EFYLES Ay SEOK 4SESYSyidlNE AyidSNDLT ¢
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Monte Carlo (16 random samples)
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Monte Carlo (16 jittered samples)
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Scrambled LowDiscrepancy Sampling
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More Info on QMC In Rendering

S. Premoze, A. Keller, and M. Raab.
Advanced (QuagiMonte Carlo Methods for Image SyntheBis.
SIGGRAPH 2012 courses.

93
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How can we predict error from these?
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Part 2: Formal Treatment of
MSE, Blas and Variance

Integrand Radial Spectrum

Power

/ Sampl es® Radi al Spect

-

Frequency

T



Convergence rate for
Random Samples

Variance

Increasing Samples

06
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Convergence rate for
Random Samples

Variance

Increasing Samples

o7
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Convergence rate for

Jittered Samples

oueleA
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Increasing Samples
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Convergence rate
Jittered vs Poisson Disk

oueleA
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Increasing Samples
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Convergence rate
Jittered vs Poisson Disk

Variance

Increasing Samples

100
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Samples and function In
Fourier Domain

Spatial Domain Fourier Domain
S(w)
s
-W 0 W
f@) fw)

|

-W 0 W
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Convolution

Source: vdumoulkgithub
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https://github.com/vdumoulin/conv_arithmetic

Sampling In Primal Domain Is
Convolution In Fourier Domain

Fredo Durand [2011]

105
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Sampling In Primal Domain Is
Convolution In Fourier Domain

Fredo Durand [2011]
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Alilasing In Reconstruction

Low Sampling Rate High Sampling Rate
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Alilasing In Reconstruction

Low Sampling Rate High Sampling Rate
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Error In Monte Carlo Integration

Error in
Integration

Low Sampling Rate High Sampling Rate
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Aliasing (Reconstruction) vs.
Error (Integration)

Fredo Durand [2011]
Belcour et al. [2013]

Error in
Integration
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Integration in the Fourier Domain
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Integration Is the DC term
INn the Fourier Domalin

Spatial Domain:

I:/Df(:zz)dx

Fourier Domain:

£(0)
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Monte Carlo Estimator in Spatial
Domain
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Monte Carlo Estimator in Spatial
Domain

114
T




Monte Carlo Estimator in Fourier
Domain
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Monte Carlo Estimator in Fourier
Domain
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How to Formulate Error In Fourier

Domain ?
1= f(0) fix = | J(@)8@)ds

C
'1" Error in
'} ‘ Integration
‘ ‘lil- Fredo Durand [2011]
0 W
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Error in Spatial Domain

1= f(0) fix = | J(@)8@)ds

True Integral

[-fiv=|| f@doH [ f@)S(@)de

Monte Carlo Estimator
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Error in Spatial Domain

1= f(0) fix = | J(@)8@)ds

[-fiv= | f@)do= [ f@)S()ds

119
T




Error In Fourier Domain
1= f(0) fix = | J(@)8@)ds
I — [N :/Df(:zz)dx—/Df(:z:)S(x)dx

I—jin = £(0) - / 7 ()8 (w)dw

Fredo Durand [2011]
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Error In Fourier Domain

I—jin = £(0) - / 7 ()8 (w)dw

Error in
Integration

Fredo Durand [2011]
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Error = Bias? + Variance

122
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Properties of Error

Bias

I+

Variance

I+

Subr and Kautz [2013]
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Bias In the
Monte Carlo Estimator
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Bias in Fourier Domain

Error: I—jin=f(0)— /Q f*(w)S(w)dw

125
T




Bias in Fourier Domain

Error: I—jin=f(0)— /Q f*(w)S(w)dw
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Bias in Fourier Domain
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Bias in Fourier Domain

Subr and Kautz [2013]
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