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Last week
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Volumetric Processes:

Absorption

Scattering

Transmittance

Phase Functions

Volumetric Rendering Equation

Volumetric Path Tracing

Woodcock Tracking
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Volumetric Rendering Equation
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Recall: Monte Carlo Integration
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Realistic Image Synthesis SS2024

How to generate the 
locations    ?
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Independent Random Sampling
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Trivially extends to higher dimensions

Trivially progressive and memory-less

ṎBig gaps

ṎClumping

for (int k = 0; k < num; k++)
{

samples(k).x = randf();
samples(k).y = randf();

}
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Recall: Fourier Theory
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Power SpectrumInput Image

Image courtesy: Laurent Belcour

https://belcour.github.io/blog/course/2016/08/25/siggraph-course-part1.html
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Recall: Fourier theory
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Fourier transform:

Sampling function:



Realistic Image Synthesis SS2024

Independent Random Sampling
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Samples Power spectrum
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Independent Random Sampling
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Many sample set realizations Expected power spectrum
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Independent Random Sampling
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Samples Expected power spectrum Radial meanDC Peak
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Source code: Power spectrum
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Source code: Power spectrum
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Source code: Power spectrum
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Source code: Power spectrum
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Regular Sampling
for (uint i = 0; i < numX; i++)

for (uint j = 0; j < numY; j++)
{

samples(i,j).x = (i + 0.5)/numX;
samples(i,j).y = (j + 0.5)/numY;

}

21

9ȄǘŜƴŘǎ ǘƻ ƘƛƎƘŜǊ ŘƛƳŜƴǎƛƻƴǎΣ ōǳǘΧ

ṎCurse of dimensionality

ṎAliasing
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Regular Sampling
for (uint i = 0; i < numX; i++)

for (uint j = 0; j < numY; j++)
{

samples(i,j).x = (i + 0.5)/numX;
samples(i,j).y = (j + 0.5)/numY;

}
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Jittered/Stratified Sampling
for (uint i = 0; i < numX; i++)

for (uint j = 0; j < numY; j++)
{

samples(i,j).x = (i + randf() )/numX;
samples(i,j).y = (j + randf() )/numY;

}
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Provably cannot increase variance

9ȄǘŜƴŘǎ ǘƻ ƘƛƎƘŜǊ ŘƛƳŜƴǎƛƻƴǎΣ ōǳǘΧ

ṎCurse of dimensionality

ṎNot progressive
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Jittered Sampling
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Samples Expected power spectrum Radial mean
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Independent Random Sampling
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Samples Expected power spectrum Radial mean
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Monte Carlo (16 random samples)
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Monte Carlo (16 jittered samples)
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Stratifying in Higher Dimensions
Stratification requires O(Nd) samples

- e.g. pixel (2D) + lens (2D) + time (1D) = 5D

ωsplitting 2 times in 5D = 25 = 32 samples

ωsplitting 3 times in 5D = 35 = 243 samples!

Inconvenient for large d

- cannot select sample count with fine granularity
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Compute stratified samples in sub-dimensions

- 2D jittered (x,y) for pixel

- 2D jittered (u,v) for lens

- 1D jittered (t) for time

- combine dimensions
in random order

Uncorrelated Jitter [Cook et al. 84]
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Image source: PBRTe2 [Pharr & Humphreys 2010]Realistic Image Synthesis SS2024
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Depth of Field (4D)

32

Realistic Image Synthesis SS2024

Reference Random Sampling Uncorrelated Jitter

Image source: PBRTe2 [Pharr & Humphreys 2010]
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Stratify samples in each dimension separately

- for 5D: 5 separate 1D jittered point sets

- combine dimensions
in random order

Uncorrelated Jitter Ễ Latin Hypercube

34
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Stratify samples in each dimension separately

- for 5D: 5 separate 1D jittered point sets

- combine dimensions
in random order

Uncorrelated Jitter Ễ Latin Hypercube

35

x1 x2 x3 x4

y4 y2 y1 y3
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Shuffle order
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Stratify samples in each dimension separately

- for 2D: 2 separate 1D jittered point sets

- combine dimensions
in random order

N-Rooks = 2D Latin Hypercube [Shirley 91]
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Latin Hypercube (N-Rooks) Sampling
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Realistic Image Synthesis SS2024 Image source: Michael Maggs, CC BY-SA 2.5

[Shirley 91]

https://commons.wikimedia.org/w/index.php?curid=3318748
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// initialize the diagonal
for (uint d = 0; d < numDimensions; d++)

for (uint i = 0; i < numS; i++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uint d = 0; d < numDimensions; d++)

shuffle(samples(d,:));

Latin Hypercube (N-Rooks) Sampling

38Initialize
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Latin Hypercube (N-Rooks) Sampling

39Shuffle rows

// initialize the diagonal
for (uint d = 0; d < numDimensions; d++)

for (uint i = 0; i < numS; i++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uint d = 0; d < numDimensions; d++)

shuffle(samples(d,:));
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// initialize the diagonal
for (uint d = 0; d < numDimensions; d++)

for (uint i = 0; i < numS; i++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uint d = 0; d < numDimensions; d++)

shuffle(samples(d,:));

Latin Hypercube (N-Rooks) Sampling

40Shuffle rows
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Latin Hypercube (N-Rooks) Sampling

41Shuffle columns

// initialize the diagonal
for (uint d = 0; d < numDimensions; d++)

for (uint i = 0; i < numS; i++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uint d = 0; d < numDimensions; d++)

shuffle(samples(d,:));
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Latin Hypercube (N-Rooks) Sampling
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// initialize the diagonal
for (uint d = 0; d < numDimensions; d++)

for (uint i = 0; i < numS; i++)
samples(d,i) = (i + randf())/numS;

// shuffle each dimension independently
for (uint d = 0; d < numDimensions; d++)

shuffle(samples(d,:));
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Latin Hypercube (N-Rooks) Sampling
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Latin Hypercube (N-Rooks) Sampling
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Latin Hypercube (N-Rooks) Sampling
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Evenly distributed in each 
individual dimension

Unevenly distributed in 
n-dimensions
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N-Rooks Sampling
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Samples Expected power spectrum Radial mean
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Multi-Jittered Sampling
YŜƴƴŜǘƘ /ƘƛǳΣ tŜǘŜǊ {ƘƛǊƭŜȅΣ ŀƴŘ /ƘŀƴƎȅŀǿ ²ŀƴƎΦ άaǳƭǘƛ-
ƧƛǘǘŜǊŜŘ ǎŀƳǇƭƛƴƎΦέ Lƴ Graphics Gems IV, pp. 370ς374. 
Academic Press, May 1994.

ςcombine N-Rooks and Jittered stratification constraints
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Multi-Jittered Sampling
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Multi-Jittered Sampling
// initialize
float cellSize = 1.0 / (resX*resY);
for (uint i = 0; i < resX; i++)

for (uint j = 0; j < resY; j++)
{

samples(i,j).x = i/resX + (j+randf()) / (resX*resY);
samples(i,j).y = j/resY + (i+randf()) / (resX*resY);

}

// shuffle x coordinates within each column of cells
for (uint i = 0; i < resX; i++)

for (uint j = resY - 1; j >= 1; j -- )
swap(samples(i, j).x, samples(i, randi(0, j)).x);

// shuffle y coordinates within each row of cells
for (unsigned j = 0; j < resY; j++)

for (unsigned i = resX - 1; i >= 1; i -- )
swap(samples(i, j).y, samples(randi(0, i), j).y);
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Multi-Jittered Sampling
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Shuffle x-coordsInitialize
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Multi-Jittered Sampling
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Shuffle x-coords
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Multi-Jittered Sampling
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Shuffle x-coords
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Multi-Jittered Sampling
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Shuffle x-coords
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Multi-Jittered Sampling
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Shuffle x-coordsShuffle y-coords
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Multi-Jittered Sampling
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Shuffle y-coords
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Multi-Jittered Sampling
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Shuffle y-coords
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Multi-Jittered Sampling
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Shuffle y-coords
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Multi-Jittered Sampling
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Shuffle y-coords
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Multi-Jittered Sampling (Projections)
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Multi-Jittered Sampling (Projections)
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Multi-Jittered Sampling (Projections)
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Multi-Jittered Sampling (Projections)
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Evenly distributed in each 
individual dimension

Evenly distributed in 2D!
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Multi-Jittered Sampling
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Samples Expected power spectrum Radial mean
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N-Rooks Sampling
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Samples Radial meanExpected power spectrum
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Jittered Sampling
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Samples Radial meanExpected power spectrum
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Poisson-Disk/Blue-Noise Sampling
Enforce a minimum distance between points

Poisson-Disk Sampling:

- aŀǊƪ !Φ ½Φ 5ƛǇǇŞ ŀƴŘ 9ǊƭƛƴƎ IŜƴǊȅ ²ƻƭŘΦ ά!ƴǘƛŀƭƛŀǎƛƴƎ ǘƘǊƻǳƎƘ 
ǎǘƻŎƘŀǎǘƛŎ ǎŀƳǇƭƛƴƎΦέ ACM SIGGRAPH, 1985.

- wƻōŜǊǘ [Φ /ƻƻƪΦ ά{ǘƻŎƘŀǎǘƛŎ ǎŀƳǇƭƛƴƎ ƛƴ ŎƻƳǇǳǘŜǊ ƎǊŀǇƘƛŎǎΦέ ACM 
Transactions on Graphics, 1986.

- !ǊŜǎ [ŀƎŀŜ ŀƴŘ tƘƛƭƛǇ 5ǳǘǊŞΦ ά! ŎƻƳǇŀǊƛǎƻƴ ƻŦ ƳŜǘƘƻŘǎ ŦƻǊ ƎŜƴŜǊŀǘƛƴƎ 
tƻƛǎǎƻƴ Řƛǎƪ ŘƛǎǘǊƛōǳǘƛƻƴǎΦέ Computer Graphics Forum, 2008.
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Random Dart Throwing
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Random Dart Throwing
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Random Dart Throwing
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Poisson Disk Sampling

71
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Samples Radial meanExpected power spectrum
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Blue-Noise Sampling (Relaxation-based)
1. Initialize sample positions (e.g. random)

2. Use an iterative relaxation to move samples away from 
each other.

72
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Lloyd-Relaxation Method
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CCVT Sampling [Balzer et al. 2009]
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CCVT Sampling [Balzer et al. 2009]
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Samples Radial meanExpected power spectrum
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Poisson Disk Sampling
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Samples Radial meanExpected power spectrum
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Low-Discrepancy Sampling
Deterministic sets of points specially crafted to be evenly 
distributed (have low discrepancy).

Entire field of study called Quasi-Monte Carlo (QMC)
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The Van der Corput Sequence
Radical Inverse ūb in base 2

{ǳōǎŜǉǳŜƴǘ Ǉƻƛƴǘǎ άŦŀƭƭ ƛƴǘƻ 
ōƛƎƎŜǎǘ ƘƻƭŜǎέ

80
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k Base 2 ūb

1 1 .1 = 1/2

2 10 .01 = 1/4

3 11 .11 = 3/4

4 100 .001 = 1/8

5 101 .101 = 5/8

6 110 .011 = 3/8

7 111 .111 = 7/8

...
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Halton: Radical inverse with different base for each dimension:

- The bases should all be relatively prime.

- Incremental/progressive generation of samples

Hammersley: Same as Halton, but first dimension is k/N:

- Not incremental, need to know sample count, N, in advance

Halton and Hammersley Points

82
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The Hammersley Sequence
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ
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The Hammersley Sequence

84
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ
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The Hammersley Sequence
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ
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The Hammersley Sequence
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ



Realistic Image Synthesis SS2024

The Hammersley Sequence
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ
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The Hammersley Sequence
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м ǎŀƳǇƭŜ ƛƴ ŜŀŎƘ άŜƭŜƳŜƴǘŀǊȅ ƛƴǘŜǊǾŀƭέ
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Monte Carlo (16 random samples)
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Monte Carlo (16 jittered samples)
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Scrambled Low-Discrepancy Sampling

91

Realistic Image Synthesis SS2024



Realistic Image Synthesis SS2024

More info on QMC in Rendering
S. Premoze, A. Keller, and M. Raab.
Advanced (Quasi-) Monte Carlo Methods for Image Synthesis. In 
SIGGRAPH 2012 courses.
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How can we predict error from these?
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Samples® Radial Spectrum

Integrand Radial Spectrum

P
o

w
e

r

Frequency

Part 2: Formal Treatment of 

MSE, Bias and Variance
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Convergence rate for 

Random Samples
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Increasing Samples
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Convergence rate for 

Random Samples
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Convergence rate for 

Jittered Samples
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Convergence rate 

Jittered vs Poisson Disk
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Convergence rate 

Jittered vs Poisson Disk
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Samples and function in 

Fourier Domain

102

Spatial Domain Fourier Domain

0 w-w

0 w-w
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Convolution
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Source: vdumoulin-github

https://github.com/vdumoulin/conv_arithmetic
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Sampling in Primal Domain is 

Convolution in Fourier Domain

105

Fredo Durand [2011]
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Sampling in Primal Domain is 

Convolution in Fourier Domain
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*

0 w-w0

Fredo Durand [2011]
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Aliasing in Reconstruction
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Aliasing in Reconstruction
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Error in Monte Carlo Integration
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Error in 

Integration
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Aliasing (Reconstruction) vs. 

Error (Integration)
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0 w-w

Fredo Durand [2011]

Belcour et al. [2013]

Error in 

Integration
Aliasing

C C
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Integration in the Fourier Domain
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Integration is the DC term 

in the Fourier Domain
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Spatial Domain:

Fourier Domain:
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Monte Carlo Estimator in Spatial 

Domain
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Monte Carlo Estimator in Spatial 

Domain
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Monte Carlo Estimator in Fourier 

Domain
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Monte Carlo Estimator in Fourier 

Domain
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How to Formulate Error in Fourier 

Domain ?
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Fredo Durand [2011]
0 w-w

Error in 

Integration

C



Realistic Image Synthesis SS2024

Error in Spatial Domain
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Monte Carlo Estimator

True Integral
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Error in Spatial Domain
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Error in Fourier Domain
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Fredo Durand [2011]
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Error in Fourier Domain
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Error in 

Integration

0 w-w

Fredo Durand [2011]
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Properties of Error

± Bias:  Expected value of the Error 

± Variance: 
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Subr and Kautz [2013]
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Bias in the 

Monte Carlo Estimator
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Bias in Fourier Domain
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Error:
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Bias:

Bias in Fourier Domain
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Error:
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Bias in Fourier Domain
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Bias in Fourier Domain

128

Subr and Kautz [2013]


