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Ray Tracing
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Ray Tracing
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Direct Illumination 4 spp

Image rendered using PBRT
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Direct Illumination 256 spp

Image rendered using PBRT
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Direct and Indirect Illumination 4096 spp

Image rendered using PBRT
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Path Tracing
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Path Tracing
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Path Tracing
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Path Tracing
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4 sppDirect and Indirect Illumination

Image rendered using PBRT
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Noise
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NoiseCasino de Monte-Carlo

Copyright Monte Carlo SBM

https://www.montecarlosbm.com/fr/casino-monaco/casino-monte-carlo/salon-jeux
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Monte Carlo Integration
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Slide after Wojciech Jarosz
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Monte Carlo Integration
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Numerical Integration
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ÅAnalytic evaluation: accurate and fast
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Numerical Integration
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ÅNumerical evaluations: 

ÅProvide only approximate solutions, 

ÅRate of convergence is important

ÅOften involves evaluations only at selected locations
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Numerical Integration
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ÅNumerical quadrature: designed for 1D integrals

ÅCubature/Quadratures: for higher dimensions
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Numerical Integration
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ÅHybrid methods: First transform the integral analytically for simpler numerical handling
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Variance Reduction Techniques
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ÅCorrelated Sampling

ÅImportance Sampling
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Correlated Sampling: Jittered Sampling
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Variance reduction: Stratified Sampling
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Random 2D
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Random 2D

0 1

1 Jittered 2D
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Variance reduction: Stratified Sampling
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Random Samples

Random vs. Stratified Sampling
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Random Samples Jittered Samples
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Stratified sampling suffers from the curse of dimensionality

N = 64 spp

Random vs. Stratified Sampling
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Correlated Sampling: Latin Hypercube Sampling
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Latin Hypercube Sampler (N-rooks)
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Initialize
Latin Hypercube Sampler (N-rooks)
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Latin Hypercube Sampler (N-rooks)
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Shuffle rows
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Latin Hypercube Sampler (N-rooks)
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Shuffle columns

Latin Hypercube Sampler (N-rooks)
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Latin Hypercube Sampler (N-rooks)



Realistic Image Synthesis SS2024

36

Latin Hypercube Sampler (N-rooks)
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Variants of stratified sampling
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Slide from Philipp Slusallek
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Correlated Sampling: 

Quasi-Monte Carlo Integration
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ÅMonte Carlo integration suffers, apart from the slow convergence rate, from the 

disadvantages that only probabilistic statements on convergence and error boundaries 

are possible

Å The success of any Monte Carlo procedure stands or falls with the quality of these 

random samples

ÅIf the distribution of the sample points is not uniform then there are large regions where 

there are no samples at all, which can increases the error  

ÅClosely related to this is the fact that a smooth function is evaluated at unnecessary many 

locations if samples are clumped 
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Quasi-Monte Carlo Integration



Realistic Image Synthesis SS2024

ÅDeterministic generation of samples, while making sure uniform distributions

ÅBased on number-theoretic approaches

ÅSamples with good uniform properties can be generated in very high dimensions.

ÅSample generation is pretty fast: (almost) no pre-processing
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Quasi-Monte Carlo Integration



Realistic Image Synthesis SS2024

Quasi-Monte Carlo Integration
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ÅLow discrepancy sequences

ÅHalton and Hammerslay sequences

ÅScrambled sequences

ÅDiscrepancy
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Discrepancy: Basic idea 
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ÅThe concept of discrepancy can be viewed as a quantitative 

measure for the deviation of a given point set from a uniform 

distribution
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ÅThe concept of discrepancy can be viewed as a quantitative 

measure for the deviation of a given point set from a uniform 

distribution

Area of the blue box: 

Discrepancy: 

0.09

Area associated to each sample: 0.25

0.25 0.09- = 0.16

Discrepancy: Basic idea 
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Spatial Statistics: Discrepancy
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JitterRandom Poisson Disk

Star Discrepancy

Discrepancy = BoxArea - FractionSamples
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Discrepancy
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