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Computer Graphics

- Basics of Ray Tracing -



VECTOR ALGEBRA



Points and Vectors
• Point

– 𝑝 =
𝑝!
𝑝"
𝑝#

𝑝 ∈ ℝ$

• Vector

– �⃗� =
𝑣!
𝑣"
𝑣#

�⃗� ∈ ℝ$

𝑝

�⃗�



Points and Vectors
• Point operators

𝑝 𝑑
𝑞

– Add vector to a point:

𝑟 = 𝑝 + �⃗� ∶=
𝑝! + 𝑣!
𝑝" + 𝑣"
𝑝# + 𝑣#

– Point difference:

𝑑 = 𝑝 − 𝑞 ∶=
𝑝! − 𝑞!
𝑝" − 𝑞"
𝑝# − 𝑞#

𝑝
�⃗� 𝑟

– Affine combination of 𝑛 points:
𝑠 = 𝜆$𝑝$ + 𝜆%𝑝% +⋯+ 𝜆&𝑝&

where 𝜆$ + 𝜆% +⋯+ 𝜆& = 1 𝑝!
𝑝"𝑠



Points and Vectors
• Vector operators

𝑠

– Vector length

�⃗� = 𝑣!% + 𝑣"% + 𝑣#%

– Addition, subtraction:
𝑠 = 𝑢 + �⃗�
𝑢 = 𝑠 − �⃗�

𝑢
�⃗�

– Dot product:
𝑢 ⋅ �⃗� = 𝑢!𝑣! + 𝑢"𝑣" + 𝑢#𝑣#
𝑢 ⋅ �⃗� = 𝑢 �⃗� cos(𝑢, �⃗�)

• 1 parallel
• > 0 acute angle
• = 0 right angle
• < 0 obtuse angle

𝑢" ≔ 𝑢 ⋅ 𝑢



Points and Vectors
• Vector operators

– Cross product:

𝑠 = 𝑢×�⃗� ∶=
𝑢"𝑣# − 𝑢#𝑣"
𝑢#𝑣! − 𝑢!𝑣#
𝑢!𝑣" − 𝑢"𝑣!

𝑠 = 𝑢 �⃗� sin(𝑢, �⃗�)

𝑠

𝑢

�⃗�

𝑢

�⃗�
𝑠



Ray
• Ray parameterization

– 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,               𝑡 ∈ ℝ; 𝑜, 𝑑 ∈ ℝ': origin and direction
• Ray

– All points on the graph of 𝑟 𝑡 , with t ∈ ℝ()

o

d
t=1

t=3

t=2



CAMERA MODELS



Pinhole Camera Model

Dürer, 1525



Pinhole Camera Model

origin, POV

𝑜

scene



Pinhole Camera Model

origin, POV

𝑢
up-vector 

𝑓
focal vector

𝑜



Pinhole Camera Model

origin, POV

𝑢
up-vector 

𝑓
focal vector

𝑜

𝑋

𝑌

(𝑥, 𝑦)



Pinhole Camera Model

origin, POV

𝑢
up-vector 

𝑓
focal vector

𝑜

𝑋

𝑌

(𝑥, 𝑦)

Pixel coordinates to normalized Image plane coordinates

𝑝! = 2 !)(.+
,

−1

𝑝" = 2 ")(.+
-

−1



Pinhole Camera Model

origin, POV

𝑢
up-vector 

𝑓
focal vector

𝑜

𝑝! = 2 !)(.+
,

−1

𝑝" = 2 ")(.+
-

−1

𝑑 = 𝑓 + 𝑝!𝑠! + 𝑝"𝑠"

𝑑new Ray(𝑜,
$⃗
$⃗
)



Orthographic Camera Model

origin, POV

𝑜

scene



Orthographic Camera Model

origin
𝑜

scene



Orthographic Camera Model

origin
𝑜

scene
𝑝! = 2 !)(.+

,
−1

𝑝" = 2 ")(.+
-

−1

𝑝 = 𝑜 + 𝑝! 𝑠! + 𝑝"𝑠"
𝑑 = 𝑠!×𝑠"

𝑑

new Ray(𝑝 , $⃗
$⃗
)



RAY-PRIMITIVE 
INTERSECTIONS



Plane
• Plane 𝑃

– 𝑛, 𝑎 ∈ ℝ': normal and point in 𝑃
– 𝑃 ≔ 𝑝 ∈ ℝ': 𝑝 − 𝑎 D 𝑛 = 0

𝑝

𝑝 − 𝑎𝑎

𝑛
𝑞

𝑟

𝑝 − 𝑎 7 𝑛 = 0

𝑞 − 𝑎 7 𝑛 > 0

𝑟 − 𝑎 7 𝑛 < 0



Ray-Plane Intersection
• Given

– Ray: 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,                  𝑡 ∈ ℝ(); 𝑜, 𝑑 ∈ ℝ'
– Plane: 𝑛, 𝑎 ∈ ℝ': normal and point in 𝑃

• Compute intersection point
– 𝑝 – the intersection point

<
𝑝 − 𝑎 7 𝑛 = 0
𝑜 + 𝑡𝑑 = 𝑝

𝑜 + 𝑡𝑑 − 𝑎 7 𝑛 = 0

Solve for 𝑡 ∈ ℝ%&



Ray-Disc Intersection
• Disc 𝐷

– 𝑛, 𝑎 ∈ ℝ', 𝑟 ∈ ℝ):
• normal of disc plane
• center point of the disc
• radius of the disc

– 𝐷 ≔
𝑝 ∈ ℝ':

𝑝 − 𝑎 D 𝑛 = 0
∧ 𝑝 − 𝑎 ≤ 𝑟

• Intersection
– Intersect ray with plane
– Discard intersection if 𝑝 − 𝑎 >r



Triangle
• Triangle 𝑇

– 𝑣$, 𝑣%, 𝑣' ∈ ℝ': vertices
– Affine: 𝜆$𝑣$ + 𝜆%𝑣% + 𝜆'𝑣' → points in the plane
– 𝜆$, 𝜆%, 𝜆' ∈ ℝ()→ points in the triangle

– 𝑇 =
𝑝 ∈ ℝ': ∃𝜆$,%,'∈ ℝ():
𝜆$ + 𝜆% + 𝜆' = 1 ∧

𝑝 = 𝜆$𝑣$ + 𝜆%𝑣% + 𝜆'𝑣' 𝑣'

𝑣! 𝑣"

𝑝 = 𝜆!𝑣! + 𝜆"𝑣" + 𝜆'𝑣'



Triangle
• Triangle 𝑇

– 𝑣$, 𝑣%, 𝑣' ∈ ℝ': vertices
– Affine: 𝜆$𝑣$ + 𝜆%𝑣% + 𝜆'𝑣' → points in the plane
– 𝜆$, 𝜆%, 𝜆' ∈ ℝ()→ points in the triangle

– 𝑇 =
𝑝 ∈ ℝ': ∃𝜆$,%,'∈ ℝ():
𝜆$ + 𝜆% + 𝜆' = 1 ∧

𝑝 = 𝜆$𝑣$ + 𝜆%𝑣% + 𝜆'𝑣' 𝑣'

𝑣! 𝑣"

𝑝 = 𝜆!𝑣! + 𝜆"𝑣" + 𝜆'𝑣'

• Barycentric coordinates of 𝑇
– 𝜆$,%,'
– unique



Triangle

𝑣L

• Barycentric coordinates of 𝑇
– 𝜆$,%,'
– unique 𝑣M

𝑣N



Triangle

𝑣L

• Barycentric coordinates of 𝑇
– 𝜆$,%,'
– unique 𝑣M

𝑣N



Triangle Intersection: Plane-Based
• Compute intersection with triangle plane
• Project onto a coordinate plane

– Use the most aligned coordinate plane
• xy: if nz is maximal, etc.

– Coordinate plane and 2D vertices 
can be pre-computed

• Compute barycentric
coordinates
– Signed areas of subtriangles

• Test for positive BCs
n

o

d

x

y

z



Triangle Intersection Edge-Based (1)
• 3D Linear Function across triangle

– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'

𝑑

𝑣!

𝑣'

𝑣"

𝑜



• 3D Linear Function across triangle
– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'
– 𝑛$% = 𝑣% − 𝑜 ×(𝑣$ − 𝑜)
– 𝑛$% is the area of 𝑜𝑣$𝑣% (x2)

Triangle Intersection Edge-Based (2)

𝑑

𝑣!

𝑣'

𝑣"

𝑜

𝑛!"



Triangle Intersection Edge-Based (3)
• 3D Linear Function across triangle

– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'
– 𝑛$% = 𝑣% − 𝑜 ×(𝑣$ − 𝑜)
– 𝑛$% is the area of 𝑜𝑣$𝑣% (x2)
– 𝜆'∗(𝑡) = 𝑛$% D 𝑡𝑑

• Volume of 𝑜𝑣!𝑣"𝑝 (6 times)
• For 𝑡 = 𝑡()*

𝑑

𝑣!

𝑣'

𝑣"

𝑜

𝑛!"
𝑝



Triangle Intersection Edge-Based (3)
• 3D Linear Function across triangle

– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'
– 𝑛$% = 𝑣% − 𝑜 ×(𝑣$ − 𝑜)
– 𝑛$% is the area of 𝑜𝑣$𝑣% (x2)
– 𝜆'∗(𝑡) = 𝑛$% D 𝑡𝑑

• Volume of 𝑜𝑣!𝑣"𝑝 (6 times)
• For 𝑡 = 𝑡()*

– 𝜆$∗(𝑡) = 𝑛%' D 𝑡𝑑
– 𝜆%∗(𝑡) = 𝑛'$ D 𝑡𝑑

𝑑

𝑣!

𝑣'

𝑣"

𝑜

𝑛!"
𝑝



Triangle Intersection Edge-Based (3)
• 3D Linear Function across triangle

– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'
– 𝑛$% = 𝑣% − 𝑜 ×(𝑣$ − 𝑜)
– 𝑛$% is the area of 𝑜𝑣$𝑣% (x2)
– 𝜆'∗(𝑡) = 𝑛$% D 𝑡𝑑

• Volume of 𝑜𝑣!𝑣"𝑝 (6 times)
• For 𝑡 = 𝑡()*

– 𝜆$∗(𝑡) = 𝑛%' D 𝑡𝑑
– 𝜆%∗(𝑡) = 𝑛'$ D 𝑡𝑑
– Normalize:

• 𝜆) =
+!
∗(*)

+#∗ (*)&+$∗ (*)&+%∗ (*)
, 𝑡 cancles out



Triangle Intersection Edge-Based (3)
• 3D Linear Function across triangle

– Ray: 𝑜 + 𝑡𝑑 ,                  t ∈ ℝ; 𝑜, 𝑑 ∈ ℝ'
– Triangle: 𝑣$, 𝑣%, 𝑣' ∈ ℝ'
– 𝑛$% = 𝑣% − 𝑜 ×(𝑣$ − 𝑜)
– 𝑛$% is the area of 𝑜𝑣$𝑣% (x2)
– 𝜆'∗(𝑡) = 𝑛$% D 𝑡𝑑

• Volume of 𝑜𝑣!𝑣"𝑝 (6 times)
• For 𝑡 = 𝑡()*

– 𝜆$∗(𝑡) = 𝑛%' D 𝑡𝑑
– 𝜆%∗ 𝑡 = 𝑛'$ D 𝑡𝑑
– Normalize:

• 𝜆) =
+!
∗(*)

+#∗ (*)&+$∗ (*)&+%∗ (*)
, 𝑡 cancles out

– Check if positive
• just check sign of 𝑛!" 7 𝑑, 𝑛"' 7 𝑑, 𝑛'! 7 𝑑
• no division



Basic Math - Sphere
• Sphere 𝑆

– 𝑐 ∈ ℝ', 𝑟 ∈ ℝ(): center and radius 
– 𝑆 = 𝑝 ∈ ℝ': 𝑝 − 𝑐 % − 𝑟% = 0
– The distance between the points on the sphere and its center 

equals the radius

c

𝑝! − 𝑐
𝑝!

𝑝"

𝑝" − 𝑐



Ray-Sphere Intersection
• Given

– Ray: 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,                  𝑡 ∈ ℝ&'; 𝑜, 𝑑 ∈ ℝ$
– Sphere: 𝑐 ∈ ℝ$, 𝑟 ∈ ℝ&': center and radius 

• Compute intersection point
– 𝑝 – the intersection point
– Algebraic approach: substitute ray equation:

𝑡"𝑑" + 2𝑡𝑑 𝑜 − 𝑐 " − 𝑟" = 0

<
𝑝 − 𝑐 " − 𝑟" = 0
𝑜 + 𝑡𝑑 = 𝑝

Solve for 𝑡 ∈ ℝ%&



• Given
– Ray: 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,                  𝑡 ∈ ℝ(); 𝑜, 𝑑 ∈ ℝ'
– Sphere: 𝑐 ∈ ℝ', 𝑟 ∈ ℝ(): center and radius 

• Compute intersection point
– 𝑝 – the intersection point
– Geometric approach

• Ray and center span a plane
• Solve in 2D
• Compute 𝑏 − 𝑜 , 𝑏 − 𝑐

– ∡𝑜𝑏𝑐 = 90°
• Intersection(s) if 𝑏 − 𝑐 ≤ 𝑟

Ray-Sphere Intersection (2)

𝑐

r

𝑑 𝑜 − 𝑐

𝑏

𝑜



Quadrics
• Implicit

– 𝑓 𝑥, 𝑦, 𝑧
– 𝑄(𝑓, 𝑣) ≔ 𝑝 ∈ ℝ': 𝑓 𝑝!, 𝑝", 𝑝# = 𝑣

• Intersection
– Substitute the ray equation:

• 𝑓 𝑜. + 𝑡𝑑. , 𝑜/ + 𝑡𝑑/ , 𝑜0 + 𝑡𝑑0 = 𝑣
– Solve for 𝑡 ∈ ℝ()



Quadrics



Axis Aligned Bounding Box
• Given

– Ray: 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,                  𝑡 ∈ ℝ(); 𝑜, 𝑑 ∈ ℝ'
– Axis aligned bounding box (AABB): 𝑙, ℎ ∈ ℝ'

Bounded 
Volume

𝑙

ℎ



Ray-Box Intersection
• Given

– Ray: 𝑟 𝑡 = 𝑜 + 𝑡𝑑 ,                  𝑡 ∈ ℝ(); 𝑜, 𝑑 ∈ ℝ'
– Axis aligned bounding box (AABB): 𝑙, ℎ ∈ ℝ'

• “Slabs test” for ray-box intersection
– Ray enters the box in all dimensions before exiting in any
– max({𝑡0&123|𝑖 = 𝑥, 𝑦, 𝑧}) < min({𝑡0

423|𝑖 = 𝑥, 𝑦, 𝑧})

Bounded 
Volume

txnear

tynear (smaller)

tyfar

o

txfar (larger) Bounded 
Volume

txnear
txfar (smaller)

tyfar

o

tynear (larger)



Precision Problems



History of Intersection Algorithms
• Ray-geometry intersection algorithms

– Polygons: [Appel ’68]
– Quadrics, CSG: [Goldstein & Nagel ’71]
– Recursive Ray Tracing: [Whitted ’79]
– Tori: [Roth ’82]
– Bicubic patches: [Whitted ’80, Kajiya ’82]
– Algebraic surfaces: [Hanrahan ’82]
– Swept surfaces: [Kajiya ’83, van Wijk ’84]
– Fractals: [Kajiya ’83]
– Deformations: [Barr ’86]
– NURBS: [Stürzlinger ’98]
– Subdivision surfaces: [Kobbelt et al ’98]


